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Abstract

The relation between the linear and the simultaneous approximation of a frequency vector
leads to a methodology for detecting changes in the dominant harmonics of the asymptotic be-
haviour of the exponentially small splitting of invariant manifolds in analytic near-integrable
maps Fε. For a given ε, this reduces to computing the iterate of the map that is closest
to the identity near the invariant manifolds. Using this idea, we describe the quasi-periodic
properties of the splitting of two-dimensional invariant manifolds of fixed points in concrete
families of near-integrable 3D volume-preserving and 4D symplectic maps.

1 Introduction

It is well-known that fast quasi-periodic forcing of integrable analytic Hamiltonian systems
with a hyperbolic fixed point leads to an splitting of its separatrices with an exponentially
small (in the forcing parameter ε ∈ R) upper bound that depends on the frequency vector
properties [25, 4]. The splitting behaviour plays an important role in the study of the diffusive
properties of the system near the transversal intersection of the invariant manifolds in a near-
integrable regime [20]. Moreover, a detailed description of the asymptotic behaviour of the
splitting, as ε → 0, for higher-dimensional invariant manifolds is needed to derive return map
models describing the dynamics in the chaotic zone near these invariant manifolds, including
the loci of elliptic motions, and explaining how the width of the chaotic zone evolves with the
parameter.

The description of the properties of the asymptotic behaviour of the splitting of the invari-
ant manifolds is usually obtained through a detailed analysis of the splitting function and its
Poincaré-Melnikov approximation. In concrete applications, one is interested in determining
the dominant harmonics in the Fourier series of the splitting function for a given value of the
perturbation parameter, which are related to the small divisors associated with the frequencies.
If the basic frequencies are rationally independent, the asymptotic behaviour of the splitting is
characterized by infinitely many changes of the dominant harmonics of the splitting function,
as the perturbation parameter tends to zero [25, 4]. Typically, these changes separate different
ε-ranges where the splitting is well-described by a single dominant harmonic (see also comments
in Section 3 and prevent the splitting from being governed by a single exponentially small term
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(associated with one harmonic). Instead, the envelope of the dominant contributions yields a
significantly larger overall splitting exponentially small size.

Direct computations of the exponentially small splitting are cumbersome and hence, as usual,
discrete systems appear as a shortcut to avoid the high-precision numerical integration schemes
to propagate a flow. However, for a general map, obtaining a detailed description of the splitting
function on a fundamental domain is considerably more challenging than in the continuous
setting, whether through Melnikov-type approximations or direct numerical computations. A
natural alternative is to work with local quantities that quantify the splitting of the invariant
manifolds, like computation of suitable angle or areas between (suitable projections of) suitable
tangent vectors at the intersection of the invariant manifolds or (generalizations) of the Lazutkin
homoclinic invariant [15]. Although these local quantities are sensitive to the quasi-periodic
properties of the asymptotic behaviour of separatrix splitting, it is generally unclear how to
obtain their analytic expression, and their computation remains expensive.

The purpose of this work is to develop a methodology to detect and characterize the quasi-
periodic behaviour of the exponentially small splitting of separatrices in near-integrable families
of real-analytic maps Fε without directly computing it.

Relying only on basic geometrical knowledge of the phase space, the method aims to effectively
determine the leading harmonic of the splitting function, which provides an accurate approxima-
tion of the splitting function in the ε-ranges where a single harmonic dominates. In particular,
it determines whether the asymptotic behaviour of the splitting is expected (under a generic
perturbation) to be periodic or quasi-periodic in some limit frequencies.

In this sense, it can be used to study the splitting properties in cases where we do not know the
expression of the Melnikov/splitting function (see, for example, Section 6.2) or even when we
do not have an explicit expression for Fε, for example, a Poincaré map obtained by numerical
integration.

Moreover, the method detects the presence of harmonics associated with best approximants of
the frequency ratio that never become a dominant harmonic of the splitting function, referred to
as hidden harmonics [11]. Note that the resonances related to hidden harmonics play a minor role
in the dynamics within the chaotic zone around the invariant manifolds. Beyond the amplitude
of the splitting, knowing the quasi-periodic properties of the asymptotic behaviour allows one
to derive families of adapted higher-dimensional separatrix return maps [27, 3, 1, 2, 24], even in
settings where the splitting function cannot be obtained explicitly or is difficult to analyse.

The basic idea of the methodology relies on using the simultaneous approximation of the fre-
quency vector to detect the iterate of the map that becomes closest to the identity. For this
purpose, it relies on the relation between the distance to the identity of the map and classical
averaging theory [23]. The latter ensures that an analytic family of maps homotopic to the iden-
tity can be embedded into a family of autonomous flows, up to an exponentially small error in
the distance to the identity parameter. In the ε-ranges where a single harmonic of the splitting
function dominates, the autonomous flow is integrable, and the splitting is at most of the order
of such an exponentially small approximation error. Therefore, for a near-integrable family of
maps Fε, the smallest error is associated with the iterate that becomes closest to the identity.

In this work, we consider volume-preserving maps in general, which are symplectic whenever the
phase space dimension is even. For brevity, we unify both frameworks by referring to them as
conservative maps. For concreteness, in this work, we consider families of near-integrable maps
related to unfoldings of singularities with complex eigenvalues, although the methodology can
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be potentially applied to other systems. Concretely, we use the proposed methodology to reveal
the quasi-periodic properties of the asymptotic behaviour of the splitting of separatrices in some
3D volume-preserving and 4D symplectic maps.

The paper is organized as follows. Section 2 describes the properties leading to a quasi-
periodic asymptotic behaviour of the splitting of multidimensional invariant manifolds for a
one-parameter family of near-integrable maps and presents a methodology, based on the si-
multaneous approximation of the frequencies involved, to numerically detect such behaviour.
Section 3 provides further details on the splitting function and explains how it can be used to
obtain the exact quasi-periodic properties using this methodology. Section 4 considers a par-
ticular type of discrete systems related to unfoldings of the Hopf-zero and Hamiltonian-Hopf
bifurcations. In Section 5, we consider time-T maps of conservative flows and provide a concrete
description based on detailed knowledge of the properties of the splitting function for the flow.
Finally, more general examples are studied in Section 6 using the proposed methodology.

2 Families of near-integrable maps and simultaneous approxi-
mation

Families of integrable maps naturally appear as discretizations of systems obtained by a conser-
vative unfolding of singularities, see Section 4. When the singularity has complex eigenvalues,
the unfolding gains rotational symmetries. Denote by ωθ ∈ Rm the frequencies of the correspond-
ing angular variables θ ∈ Tm parameterizing the rotational symmetry group. The discretization
of the unfolding adds an extra frequency, that we denote as ωψ ∈ R, that corresponds to the
angular variable ψ that defines a suspension of the map. The complete frequency vector is
Ω = (ωθ, ωψ) and, by analogy with the periodically forced flow case that defines the suspension,
one considers the splitting function of the invariant manifolds for the discrete system depending
on the (θ, ψ) ∈ Tm × T variables. The dominant harmonics of the splitting function are related
to the linear approximation of Ω. Given a frequency vector Ω ∈ Rm+1, the linear approxima-
tion [17] studies the smallness of scalar products |k · Ω| for k ∈ Zm+1, which relates directly to
the classical problem of small divisors. The splitting function is said to have a dominant part
if there is a finite sum of harmonic terms whose total amplitude is greater than the sum of the
amplitudes of all remaining harmonics. If the dominant part consists of one dominant harmonic,
it coincides with the leading harmonic, which is the harmonic term of largest amplitude of the
splitting function.

Our approach uses the connection between time and phase averaging in dynamics with the
interaction between linear and simultaneous Diophantine approximations in number theory. The
simultaneous approximation [18] focuses on how well kΩ, with k ∈ Z, approximates the integer
lattice Zm+1 and, in particular, measures how closely the linear flow with frequency Ω returns
to its initial position after k iterates. Both perspectives capture the same arithmetic properties
of Ω, and are related through transfer principles [17]. Note that an important advantage of
simultaneous approximation is that it reduces the detection of near-resonant behaviour in high-
dimensional systems to a one-dimensional problem.

In the following, we consider an n-dimensional one-parameter family of real-analytic near-
integrable conservative maps Fε, with ε ∈ R. That is, for each ε, there exists 0 < δ ≪ 1
and an integrable map Fε,0 such that |Fε − Fε,0| < δ. We assume that Fε has a hyperbolic
fixed point for all ε > 0 and that its stable/unstable invariant manifolds, which form an ho-
moclinic/heteroclinic connection in Fε,0, split. Moreover, we assume that, within a compact
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domain Dε ⊂ Rn around the invariant manifolds depending on ε, the map Fε can be expressed
as a map of Tm × Rn−m in terms of angular variables θ ∈ Tm.

For a general family of near-integrable maps Fε of the type considered, the leading harmonic
of the splitting function within a range of ε is related to a concrete linear approximation of Ω,
hence given by k ≥ 0 such that kΩ ∈ Rm+1 approximates a point of the set Zm+1. Then, for
such a value of k, F kε becomes a near-the-identity map because its frequency vector is nearly an
integer and the action variable remains almost preserved as Fε is near-integrable. Hence, the
method determines the leading harmonic in an ε-range by looking for the positive integer k such
that the map F kε is the closest to the identity. In this way, changes in the value of k as ε → 0
indicate that the splitting of the invariant manifolds is quasi-periodic.

The asymptotic behaviour of the splitting of the invariant manifolds of a family of near-integrable
maps Fε of the type considered will exhibit quasi-periodic properties if:

i) there is a decreasing sequence {εj}j≥0, where ε0 is small enough and limj→∞ εj = 0, such
that, for ε ∈ [εj+1, εj), there exists qj = qj(ε) ≥ 0 such that |F qjε − Id| ≤ |F qε − Id| for all
q ̸= qj ,

ii) the sequence {qj}j≥0 previously defined is an increasing sequence of integers,

iii) the iterates F qε of the map satisfy that limε→0 |F qε − Id| > 0 for any fixed q ≥ 0.

The first and second items guarantee that the sequence qj(ε) corresponds to a sequence of
simultaneous approximations of Ω as ε → 0. The last condition guarantees that this sequence
does not have a limit value qj , as this would imply a finite number of changes of the leading,
and also of the dominant, harmonic.

Remark 2.1. In a different framework, the idea of approximating the dynamics of a map over a domain
by covering it with subdomains where a power of the map becomes near-the-identity was recently used
in [14] to adapt the proof in [19] of the Nekhoroshev’s theorem to the discrete symplectic setting.

However, there is usually a difficulty in directly applying this idea since, in general, the frequen-
cies of Fε are not explicit. While the frequencies ωθ can be estimated from the iterates of the
map, the other frequency ωψ comes from the fact that we are considering a map instead of a
flow. As commented, one would like to consider the splitting function depending on the angles
(θ, ψ), where ψ is the angular variable implicitly defined through a suspension of Fε. Typically,
there is no direct way to compute the angle ψ. Instead, the methodology we propose defines
a suitable observable η, depending on u ∈ Rn, the coordinates in which Fε is expressed, that
plays the role of a scaled time reflecting the properties of the evolution of ψ. While the specific
construction of the observable η depends on the concrete map Fε, it must satisfy the following
geometrical requirements.

We consider an n-dimensional fundamental domain Λε ⊂ Dε ⊂ Rn capturing the dynamics in a
region around the invariant manifolds of the fixed point of Fε. Let Σ ⊂ Rn be a local transversal
section to the (m + 1)-dimensional invariant manifolds of Fε. The fundamental domain Λε is
given as a tubular domain along the invariant manifolds bounded by the transversal section Σ
and Fε(Σ) and with a small range in the action variables that will be adjusted later. We look for
an observable η : Rn×R+ → R such that, for all ε ≤ ε0, there exists a one-to-one correspondence
in Λε between the suspension angle ψ and the observable η(u, ε).

The domain of the correspondence can be extended by forward and backward iterations of Fε.
By suitably adjusting the range of the action variables of Λε, we can assume that it is well-defined
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for a sufficiently large number of iterates Q > qj(ε). This allows us to detect the changes of the
leading harmonic of the splitting function by considering an initial point p ∈ Λε and looking for
q ≤ Q such that F qε (p) is the iterate closest to the identity. To this end, we measure the distance
of any iterate F kε to the identity through its angular deviation ∆F kε = (∆θ,∆η), since the actions
are nearly invariant in the near-integrable regime and their variations are of higher order, so the
dominant contribution to the distance to the identity is given by the angular components. For
simplicity, we measure this deviation using a weighted ℓ1-norm,

∥∆F kε ∥1 =
m∑
i=1

wi|∆θi|+w0|∆η|,

with suitable weights, wi > 0, i = 0, · · · ,m, so that ∆θi and ∆η are of the same order. Note also
that a suitable choice of the initial point is required. In particular, p should be taken sufficiently
close to the separatrices so that p ∈ Λε. In practice, we typically select initial points lying on
the homo/heteroclinic orbit of a suitable unperturbed system.

In the following sections, we consider concrete examples of near-integrable maps Fε and, for
each of them, we introduce a suitable observable η in a fundamental domain Λε, together with
appropriate norm weights. These choices depend on the analytic properties of the splitting
function as we discuss in the next section.

3 The ε-values of the changes of leading harmonic.

The asymptotic behaviour of the splitting function for
m = 1 shows that, if Fε exhibits quasi-periodic properties, one can consider ε0 sufficiently
small so that there exists a sequence of ε-intervals, with ε < ε0, in which the leading harmonic
becomes the dominant [25, 4, 5, 6]. Outside these ε-intervals, our method still allows to identify
the leading harmonic of the splitting function, although the dominant part is no longer given by
a single harmonic. These transition ranges depend on the arithmetic properties of the frequency
vector Ω and, in the case of constant type frequency ratio, having a continued fraction expansion
with bounded quotients [17], they shrink as ε → 0. Consequently, the values of ε at which the
leading harmonic changes are located close to the regions where the dominant harmonics change.
We refer to [12, 22] for concrete examples that will be considered in Section 5. Similar properties
are also expected for more than two frequencies, as observed in [7] in a slightly different setting.

As will be explained below, determining the precise values of ε at which the leading harmonic
changes requires a thorough understanding of the contribution of each individual harmonic to
the total splitting. We show that by comprehensively analyzing the splitting function, we can
measure the distance to the identity (in the angular components) in an appropriate way. This
is achieved by introducing appropriate weights in the corresponding norm.

Let Fε be a map of Tm ×Rn−m as above. We closely follow the ideas in [10], generalized to the
higher-dimensional setting, to obtain optimal upper bounds of the splitting that are expected to
describe its precise asymptotic behaviour. The parameterization of the invariant manifold W u

of the hyperbolic fixed point provides an embedding Ku : Tm × T → Tm × Rn−m such that

Fε(K
u(θ0, ψ0)) = Ku(L(θ0, ψ0)),

where L(θ0, ψ0) = (θ0 + ωθ, ψ0 + ωψ). Similarly, one obtains a parameterization Ks of W s. We
think of Ku and Ks as periodic functions of the internal angles θ0 ∈ Tm and an extra angular
variable that we denote by ψ0 ∈ T.
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Assume that both parameterizations can be extended so that they provide graph representations
of the invariant manifolds on a common fundamental domain homeomorphic to Tm × T, and
consider the Fourier expansion of the splitting function

S(θ0, ψ0) = Ku(θ0, ψ0)−Ks(θ0, ψ0)

=
∑

(m1,m2)∈Zm×Z

Cm1,m2e
m1·θ0 i em2ψ0 i .

Assume that Fε is a perturbation of an integrable map Fε,0 that contains an m-dimensional
foliation of homo/heteroclinic orbits to the fixed point/s. Since it is integrable, Fε,0 can be
exactly interpolated by an autonomous (limit) flow with a m-dimensional foliation of homoclinic
orbits θ(t) = ωθt+ θ0, ψ(t) = ωψt+ ψ0, in terms of the time variable t of the flow. Then

S(θ0, ψ0)≈
∑

(m1,m2)∈Zm×Z

Cm1,m2e
−(m1·ωθ+m2ωψ) t i e(m1·θ+m2ψ) i .

Assuming that the dependence of S on θ, ψ, and t is analytic within the complex strips of
width ρθ, ρψ, and ρt, respectively, a standard application of Cauchy’s theorem implies that the
amplitude of the (m1,m2)-harmonic of the splitting function is bounded as

|Cm1,m2 | ≤ Ke−|m1·ρθ|−|m2|ρψe−sρt ,

where s = |m1 ·ωθ+m2ωψ| and K denotes the maximum of |S| in the compact domain inside the
path of integration. Assuming that |Cm1,m2 | behaves as the previous upper bound, we see that
the leading term of the splitting function is given by the pair (m1,m2) ∈ Zm×Z that maximizes
|Cm1,m2 |, or equivalently, minimizes |m1 · ρθ| + |m2|ρψ + sρt. Since
m2 = (±s − m1 · ωθ)/ωψ, the leading harmonic of the splitting function corresponds to m1

and s that minimize
|m1 · (ρθ + ω̂θρψ/ωψ) |+ s (ρt ± ρψ/ωψ) ,

where ω̂θ denotes the vector whose components are the absolute value of the components of
ωθ. As explained in Section 2, we aim to detect the leading harmonic by minimizing a suitable
weighted ℓ1-norm. To define appropriate weights, we relate (m1, s) to the system coordinates
(θ, η) so that the contributions of ∆θ and ∆η in the norm reflect their influence on (m1, s).
To this end, for each map Fε, we approximate this dependence by a linear relation of the form
(m1, s) ≈ (A∆θ + b∆η, a · ∆θ + b0∆η), A ∈ Rm×m, a, b ∈ Rm, b0 ∈ R, and use the previous
expression to define the norm

∥∆F kε ∥1 = w|∆θ|+w0|∆η|, (1)

where

w = A (ρθ + ω̂θρψ/ωψ) + a (ρt ± ρψ/ωψ) , and

w0 = b · (ρθ + ω̂θρψ/ωψ) + b0 (ρt ± ρψ/ωψ) .

Note that looking for a linear dependence might not be so restrictive since one can always
introduce a proper observable η. On the other hand, the weights depend on the analyticity strips,
which might be difficult to determine for concrete maps and might require suitable numerical
computations. Hence, in a general situation, we only balance the contributions of ∆θ and ∆η
to the norm to detect the changes of leading harmonic without determining the exact weights.
We illustrate the choice of the weights of the norm in examples that are derived as time-T maps
of periodically forced vector fields, as in this case, we explicitly know the constants involved.
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4 Near-integrable maps from unfoldings of singularities with
complex eigenvalues

In this section, we introduce some examples of 3D and 4D near-integrable maps related to unfold-
ings of singularities with complex eigenvalues with 2D invariant manifolds homoclinic/heteroclinic
to one/two fixed point/s. We will investigate the asymptotic behaviour of the exponentially small
splitting of their 2D separatrices.

First, we consider two types of examples that can be written explicitly as near-integrable maps.
The first type are simply the time-T = 2π/ωψ map of a vector field of the form

X(u, t, ε, δ) = X0(u, ε) + δX1(u, ψ(t)),

with
ψ(t) = ωψt+ ψ0, ψ0 ∈ [0, 2π),

for small δ fixed and where X0 is a one-parameter conservative unfolding of a singularity with
complex eigenvalues depending on ε ∈ R. The properties of the splitting of separatrices of
this map can be directly related to the properties of the (Poincaré-Melnikov approach of) the
splitting function for the vector field X. A detailed explanation of the methodology applied to
examples of this type is given in Section 5.

We consider the Hopf-zero and the Hamiltonian-Hopf singularities as examples of singularities
with complex eigenvalues. That is, the vector field X0 will be a conservative one parameter, ε,
unfolding of either the Hopf-zero or the Hamiltonian-Hopf. As said, the splitting of separatrices
in these two cases is closely related to the analytical study of the splitting function of the flow X.
For the Hopf-zero bifurcation, such a study was carried out in [22]. The study of the splitting of
the 2D invariant manifolds created at the Hamiltonian-Hopf bifurcation under a periodic forcing
was done in [12].

Since maps arising as time-T maps of periodic flows are non-generic, the second type of family
of near-integrable maps considered is derived after performing a discretization of the vector field
X0. This allows us to obtain an explicit map without the additional symmetries of the time-T
map but with similar properties to those of the previous one.

Furthermore, we also include two examples of near-integrable maps with fixed point/s with
complex eigenvalues that cannot be explicitly written as perturbations of the discretizations
considered. The first example is the discretization of the Michelson flow introduced in [21], and
the second one is a Froeschlé-like map introduced in [13] but for parameters so that it undergoes
a discrete Hamiltonian-Hopf bifurcation. Those examples show the difficulties of projecting the
splitting as a function of the angles (θ, ψ) onto a suitable pair (θ, η) of variables, see Section 2.

We detail below the low-order unfoldings of the Hopf-zero bifurcation and the Hamiltonian-Hopf
bifurcation that define the vector fieldX0 used in the first type of examples and the discretization
of the Hopf-zero unfolding used to obtain an example of the second type.
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4.1 The unfolding of the Hopf-Zero singularity

The volume-preserving unfolding of the second-order truncated normal form of the codimension-
two Hopf-Zero singularity can be written as [16]

ẋ = y − xz,

ẏ = −x− yz,

ż = −ε2 + z2 + b(x2 + y2),

(2)

where ε ≥ 0. Introducing symplectic polar coordinates in the (x, y)-plane, defined by (x, y) =
(
√
2I sin(2πθ),

√
2I cos(2πθ)), it can be written as

θ̇ = −1, İ = −2Iz, ż = −ε2 + z2 + 2bI. (3)

The system possesses a rotational symmetry around the z-axis with frequency −1. It also admits
a first integral H(z, I) = I

(
−ε2 + z2 + bI

)
, whose constant level sets form a foliation transversal

to that generated by the rotational symmetry.

The left plot in Fig. 1 illustrates the main features of the reduced (z, I)-system for b = 1/2 and
ε = 1. It has two saddle fixed points, (±ε, 0), with two different one-dimensional heteroclinic
connections. One of these connections lies on the invariant z-axis, while the other heteroclinic
bound a region foliated by periodic orbits and containing an elliptic fixed point (0, ε2). Taking
into account the action of the rotation group around the z-axis, we can conclude that the
periodic orbits observed in the figure are two-dimensional invariant tori of the 3D integrable
system (2). On the other hand, the heteroclinic connections not contained in the invariant
z-axis correspond to two-dimensional heteroclinic connections to the saddle-focus equilibria of
(2). The structure that bounds the 2D heteroclinic connections, along with the foliation by
two-dimensional invariant tori inside, is known as a bubble of stability.

To derive an example of the second type, we consider F0 as a discretization of the previous
unfolding of the Hopf-zero singularity at ε = 0. Specifically, we discretize (3) by applying a
symplectic Euler integrator with stepsize h to the (I, z)-subsystem, and an explicit Euler step
to θ, which yields the volume-preserving map

θ̄ = θ − h mod 1,

Ī = I/(1 + 2hz),

z̄ = z + h
(
−ε2 + z2 + 2bĪ

)
.

(4)

Moreover, F0 is a diffeomorphism defined around I = 0 provided |h| is small enough. For ε = 0,
the origin undergoes a Hopf-one bifurcation, which is the discrete-time analogue of the Hopf-
zero bifurcation, characterized by a fixed point with a pair of complex-conjugate eigenvalues of
modulus one and a third eigenvalue equal to 1. An unfolding of this bifurcation gives rise to a pair
of saddle-focus fixed points, whose two-dimensional invariant manifolds bound a O(ε)-bubble of
stability, with two-dimensional KAM tori organized around a normally elliptic invariant curve.

4.2 The unfolding of the Hamiltonian-Hopf singularity

Consider a 2-dof Hamiltonian system with an equilibria which undergoes a Hamiltonian-Hopf
bifurcation. At this bifurcation, the eigenvalues of the linearised Hamiltonian system at the
fixed point suffer a Krein collision with negative signature, where a pair of purely imaginary
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Figure 1: Phase space of the reduced two-dimensional (z, I)-subsystem of system (3) (left) and
the Duffing (R2, R1)-system (6) (right) for ε = 1, where the homo/heteroclinic orbits between
saddle equilibria bound elliptic regions.

eigenvalues meet in a double pair and become a hyperbolic quartet. Then, after the bifurcation,
the fixed point becomes a complex unstable hyperbolic point, and it has 2D stable and unstable
invariant manifolds.

The normal form reduction of the analysis of the dynamics after the bifurcation leads to the so-
called Sokolskii normal form [26, 8]. After the transformation to reduce to such a normal form,
the lowest order terms of the unfolding of the Hamiltonian-Hopf bifurcation can be rescaled so
that, ignoring O(ε2)-terms, are given by the vector field that defines the Hamiltonian [12]

H0 = Γ1 + ε
(
Γ2 + aΓ3 + ηΓ2

3

)
, (5)

with the symplectic form dx1 ∧ dy1 + dx2 ∧ dy2 and where Γ1 = x1y2 − x2y1, Γ2 = (x21 + x22)/2,
Γ3 = (y21 + y22)/2 and ε > 0. Notice that for a < 0 and η > 0 the invariant manifolds of the
origin are bounded. Introducing

x1 = R1 cos(θ1), x2 = R1 sin(θ1),

y1 = R2 cos(θ2), y2 = R2 sin(θ2),

where R1, R2 > 0 and θ1, θ2 ∈ [0, 2π), one has

Ṙ1 = εR2(ηR
2
2 + a) cos(θ2 − θ1),

Ṙ2 = −εR1 cos(θ2 − θ1),

θ̇1 = 1 + ε(ηR2
2 + a)R2 sin(θ2 − θ1)/R1,

θ̇2 = 1 + εR1 sin(θ2 − θ1)/R2.

Moreover, the dynamics of the (R1, R2)-components restricted to {Γ1 = R1R2 sin(θ2 − θ1) = 0}
is given by the equations associated with the Duffing planar Hamiltonian

K = ε(R2
1 + aR2

2 + ηR4
2/2)/2. (6)

The right plot in Fig. 1 illustrates the main features of the reduced (R2, R1)-system for ε = 1,
a = −1, η = 1. The intersection between the two-dimensional invariant manifolds and {Γ1 = 0}
is given by

R1 = ±R2

√
a+ ηR2

2/2.

These two-dimensional invariant manifolds separate two-dimensional invariant tori with different
topology.
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5 The time-T map of a periodically forced flow X

We consider a one-parameter family of analytic near-integrable conservative maps Fε, with ε > 0,
obtained as the time-T stroboscopic map of a periodically forced vector field X. Let

X(u, t, ε, δ) = X0(u, ε) + δX1(u, ψ(t)), (7)

with
ψ(t) = ωψ t+ ψ0, ψ0 ∈ [0, 2π).

where u ∈ Rn, ωψ ∈ R, X0 is an autonomous integrable conservative system, and X1 is a 2π/ωψ-
periodic in time perturbation of the form X1(u, ψ) = f(u)g(ψ). For concreteness, we assume
that for δ = 0 and for each value of ε, the unperturbed system X0 has a one-dimensional contin-
uum of homo/heteroclinic orbits γ(t, θ0, ε) to one/two fixed points, parametrized by an angular
variable θ0 ∈ Rm. This surface corresponds to the stable and unstable invariant manifolds of the
fixed points, which coincide for the integrable flow X0. When δ ̸= 0, the periodic forcing gener-
ically creates a splitting between these invariant manifolds and breaks the homo/heteroclinic
connection.

As commented in Section 4, the general form of system (7) is motivated by the analysis of the
effect of a periodic forcing of a truncated ε-unfolding of a singularity. Hence, our study considers
δ fixed and small, and studies the properties of the splitting for ε → 0. Let ϕt be the flow of
X(u, t, δ, ε) and define the map

Fε = ϕT , with T = 2π/ωψ,

which corresponds to the Poincaré return map to the section Σψ0 = {ψ = ψ0}.

Recall that within the compact domain Dε ⊂ Rn around the invariant manifolds, the map Fε
can be expressed as a map of Tm × Rn−m and we assume that the dynamics of the angular
variables of Fε tend to the linear dynamics on Tm+1

θ 7→ θ + ωθ T, ψ 7→ ψ + ωψ T = ψ + 2π ≡ ψ,

as ε tends to zero. Following the simultaneous approximation approach of Section 2, we look
for k ∈ Z for which the k-th iterate of the map is close to the identity in the angular variables.
This amounts to a simultaneous rational approximation of the frequency vector Ω = (ωθ/ωψ, 1).

To use the ℓ1-norm defined in (1), we exploit the specific structure of these maps to compute the
norm weights appropriately. The widths of the complex analytic strips ρθ and ρψ are determined
by the analyticity of the functions f(u) and g(ψ), respectively, while ρt corresponds to the
singularity of the homo/heteroclinic orbit γ(t, θ0, ε). The observable η and its linear dependence
onm1 and s are analysed separately for each map Fε, as they depend on its geometric properties.

Since the map Fε is the time-T map of the flow X, the splitting of its two-dimensional invariant
manifolds exhibits the same asymptotic exponentially small behaviour as in the flow, including
the corresponding changes in the dominant harmonic. In the remaining of this section, we
present the results for two cases that have been analysed in detail for the continuous system X,
and use this correspondence to understand the differences in the discrete case.

5.1 Periodic forcing of a Hopf-Zero bifurcation

Let X be the three-dimensional vector field with the form

X(x, y, z, t, ε, δ) = X0(x, y, z, ε) + δX1(x, y, z, t),

10



where X0 is the divergence-free unfolding of the second-order truncated normal form of the
Hopf-Zero singularity defined in (2) for b = 1/2, and

X1(x, y, z, t) =

(
0, 0,

y(x2 + y2)

2
f(y)g(ψ)

)⊤
, (8)

with ψ(t) = ωt+ψ0 , parameters ε, δ, ω ∈ R and an initial time phase ψ0 ∈ [0, 2π). In particular,
we take

f(y) = 1/(c− y), and g(ψ) = 1/(d− cos(ψ)), (9)

with c > 2ε and d > 1 real. Throughout this section we fix ω =
√
2, δ = 0.01 and d = 5.

The flowX has two saddle-focus fixed points p± = (0, 0,±ε). Since Spec(DX(p±)) = {±2ε,∓ε+
i ,∓ε− i }, their stable and unstable invariant manifolds satisfy dimW u(p+) = dimW s(p−) = 1
and dimW s(p+) = dimW u(p−) = 2. In the unperturbed system X0, the two-dimensional
invariant manifolds of p+ and p− coincide and form an invariant ellipsoid, which is foliated by
the one-parameter family of heteroclinic orbits γ(t, θ0, ε) = (xγ , yγ , zγ) with

xγ =2ε sech(εt) cos(−t+ θ0),

yγ =2ε sech(εt) sin(−t+ θ0),

zγ =ε tanh(εt),

where θ0 ∈ [0, 2π) is an arbitrary phase. In particular, γ(t, θ0, ε) has singularities at t = (πi +
2πki )/(2ε), k ∈ Z.

The splitting function of the two-dimensional invariant manifolds of the saddle-foci can be
approximated as [22].

S(θ0, ψ0, ε) ≈ δ
∑

m1≥0,m2∈Z
Ĉm1,m2G(m1θ0 +m2ψ0), (10)

where

Ĉm1,m2 = (−1)⌊
m1+3

2
⌋ 25π√

d2 − 1(d+
√
d2 − 1)|m2|cm1

1

h(σ)
SP .

with G(α) = cos(α) and h(σ) = cosh
(
σπ
2ε

)
if m1 is odd and G(α) = sin(α) and h(σ) = sinh

(
σπ
2ε

)
otherwise. Moreover,

SP =
∑
i≥0

(m1 + 2i)!Pm1+2i+4(σ, ε)

c2i(m1 + 2i+ 4)!(m1 + i)!i!
, σ = m2ω −m1,

where Pm(σ, ε) is recursively defined as

P0 = 1, P1 = σ,

Pm(σ, ε) = (σ2 + ε2(m− 2)2)Pm−2(σ, ε), m ≥ 2.
(11)

The splitting of the two-dimensional invariant manifolds of the saddle-foci is asymptotically
exponentially small with quasiperiodic behaviour. As ε→ 0, the dominant harmonic (m1,m2) of
the splitting function changes due to the balance between the small divisor s and the exponential
decay in m1,m2. Depending on the arithmetic properties of ω, one can identify an optimal value
of s = |σ| = |m2ω −m1| that maximizes |Cm1,m2 |, giving the leading harmonic of the splitting
function for each ε.

11
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Figure 2: For the time-2π/ω stroboscopic map Fε of the vector field X with parameters c = 5ε
and ω =

√
2, we show, as a function of ε, the values of k for which F kε becomes closest to

the identity. The distance to the identity is measured using the scaled norm (12) (green) and
the weighted norm (14) (orange). For comparison, the blue curve indicates the value of log k
being k = m1 such that (m1,m2) is the leading harmonic of the splitting function (10), hence
corresponding to a best approximant m1/m2 of ω.

Let Fε denote the time-2π/ω stroboscopic map of the periodically forced vector field X, and
we aim to study the quasiperiodic behaviour of the splitting function of the two-dimensional
invariant manifolds of Fε. The vector field X0 expressed in symplectic polar coordinates, see (3),
gives ωθ = −1 and ωψ = ω. Then, following the general setting of this Section 5, the frequency
vector of the stroboscopic 2π/ω-map is considered to be Ω = (−1/ω, 1). In this setting, the best
rational approximants m1/m2 of ω are directly related to the small divisors s/ω = | −m1/ω +
m2| = |(m1,m2) · Ω| providing a linear approximation of Ω. These approximants correspond to
the dominant harmonics of the splitting function for each ε.

On the other hand, using simultaneous rational approximation, we seek integers k such that
kΩ = (−k/ω, k) is close to Z2. If m1/m2 is a best approximant of ω, then taking k = m1 yields
k/ω ≈ m2 ∈ Z so that kΩ ≈ (−m2,m1) ∈ Z2. Consequently, when (m1,m2) is the dominant
harmonic of the splitting function, the iterate Fm1

ε is the closest to the identity, nearly returning
the angular variables to their initial values.

First, we choose as an initial point in the fundamental domain p0(ε) = (2ε, 2ε, 0), which lies on
the heteroclinic orbit γ of the unperturbed system X0. We then consider

θ = arctan(y/x) and η(x, y, z) = z,

since the z-coordinate along the heteroclinic orbit plays the role of a rotational variable. Note
that the range of the variable z, between the two saddle-focus fixed points, is of order O(ε),
while θ remains of order O(1). Therefore, we look for k ∈ Z that minimizes the weighted norm

∥∆F kε ∥1 = |∆θ|+ |∆η|/ε. (12)

For each fixed value of ε, this procedure gives an optimal iterate k = k(ε) such that F kε behaves
as a near-identity map. The corresponding values are shown in green in Fig. 2 for the case
ω =

√
2. The best rational approximants of

√
2 are pn/qn, which satisfy the recurrence relations

q0 = 0, q1 = 1, qn = 2qn−1 + qn−2 with numerators given by pn = qn + qn−1. We observe
that, for sufficiently small ε, the optimal k coincides with m1, where m1/m2 is a best rational
approximant of ω. This illustrates the role of simultaneous approximation in detecting the
dominant harmonics of the splitting function.

12



Following Section 3, we compute the weights of the ℓ1-norm and, relying on the detailed study
of the splitting function in [22], we verify that the changes in the leading harmonic identified by
our methodology tend to coincide with those of the splitting function as ε→ 0.

First, let us study the width of the analytic strips with respect to θ, ψ, and t. The function g(ψ)
is analytic in the complex strip {ψ ∈ C,Re(ψ) ∈ T, |Im(ψ)| < ρψ} while the function f(y), with
y =

√
2I sin(θ), is analytic in the complex strip {θ ∈ C,Re(θ) ∈ T, |Im(θ)| < ρθ}, with

ρψ = arccosh(d) and ρθ = arcsinh(c/(2ε)).

Note that ρθ remains finite when c = Cε with C ∈ Z. In Section 5.1.1, we study the case
c ∈ Z, for which f behaves as an entire function. Finally, the width of the analytic strip in the
t variable is given by ρt = π/(2ε), as it corresponds to the location of the singularities of the
heteroclinic orbits γ.

Note that the dynamics of the η-coordinate for the map Fε can be approximated by η 7→ η− 2π
ω ε

2

so that after k iterates one has

|∆η| = |η(F kε )− η| ≈ k
2π

ω
ε2,

and |∆θ| = |θ(F kε )− θ| ≈ 2π| − k/ω + k̃|, k̃ ∈ Z.

As shown above, the values of k giving the leading harmonic correspond to the integer m1, so
that we obtain the approximations

m1 ≈ ω
|∆η|
2πε2

, s = ω | −m1/ω +m2| ≈ ω
|∆θ|
2π

. (13)

Thus, the weighted norm introduced in (1) can be written as

∥∆F kε ∥1 =
ω

2πε

(
|∆θ|w+

|∆η|
ε

w0

)
. (14)

with

w = π/2± ε arccosh(d)/ω, and

w0 = arcsinh(C/2) + arccosh(d)/ω.

Therefore, as ε→ 0, the above procedure using this weighted ℓ1-norm allows us to determine a
sequence of iterates k = k(ε) for which F kε is close to the identity. The corresponding values are
shown in orange in Fig. 2. We observe that the changes in k tend to coincide with the changes
in the leading harmonic of the splitting function, shown in blue as the value of logm1 associated
with the leading harmonic (m1,m2) of the splitting function computed in [22], where m1/m2

are the best approximants of ω.

5.1.1 Leading harmonic when f tends to an entire function

The splitting function displays different asymptotic behaviours depending on the width of the
analyticity strips of the angular variables of the map [6, 25]. In the present example, the function
f(y) defined in (9) behaves asymptotically as an entire function as ε → 0, since the width of
its analytic strip is ρθ = arcsinh(c/(2ε)). Choosing c ∈ R constant leads to a logarithmic factor
in the numerator of the exponential term of the bound of the splitting function. This suggests
using ∆η| log ε|/ε for a better balance comparison with ∆θ.

13
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Figure 3: For c = 0.5 we display the values of k for which the iterate F kε approximates the
identity, plotted as a function of ε. The blue curve represents the value of log k being k = m1

such that (m1,m2) is the leading harmonic of the splitting function (10).

More precisely, if we use the weighted norm defined in (1), together with the same approximations
for m1 and s in terms of (∆θ,∆η) introduced in (13), we obtain (14) with C = c/ε. Since
ρθ = arcsinh(c/(2ε)) ≈ | log ε|+ log |c|, the ℓ1-norm used to determine the iterate closest to the
identity can be written as

∥∆F kε ∥1 =
ω

2πε
(w|∆θ|+w0|∆η|) , (15)

where the weights are

w = (π/2± ε arccosh(d)/ω), and

w0 =
| log ε|
ε

(1 + (log(c) + arccosh(d)/ω)/| log ε|).

The Fig. 3 shows, for c = 0.5, the values of k that minimize (15) as a function of ε. For reference,
we also display logm1 in blue, where (m1,m2) is the dominant harmonic of the splitting function
defined in (10).

Remark 5.1. For a 2π-periodic entire function f(u) =
∑
j∈Z cje

jui , the width ρ of its analyticity strip
may be chosen depending on j. A standard application of Cauchy’s theorem, taking ρ = ρ(j) ∼ log j and
using Stirling’s approximation, yields the estimate |cj | = O(1/j!). In general, any logarithmic growth
of the analyticity width ρ with respect to j leads to a factorial decay (with different constants) of the
Fourier coefficients of an entire function f .

In our particular example, since m1 ∼ 1/
√
ε, one has that ρ as a function of ε behaves as | logm1|/2,

and therefore |cm1
| ∼ (m1!)

−1/2. Then, the amplitude of the (m1,m2)-harmonic of the splitting function
satisfies

|Cm1,m2 | ≤ K
1√
m1!

e−|m2|ρψe−sρt .

Reasoning as in Section 3, one obtains that the leading harmonic of the splitting function corresponds to
values of m1 and s minimizing

|m1|
2

(log |m1| − 1 + |ωθ|ρψ/ωψ) + s (ρt ± ρψ/ωψ) .

Therefore, one considers

w0 =
| log ε|
ε

(1 + (Cω + arccosh(d)/ω)/| log ε|),

with Cω = −1/2+log(ω|∆η|/(2π))/2, which differs from the weight in the ℓ1-norm (15) by a term tending
to zero as ε→ 0.
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5.2 Periodic forcing of a Hamiltonian-Hopf bifurcation

Let X be the (2+ 1
2)-degree of freedom Hamiltonian vector field introduced in [12], with Hamil-

tonian
H(x1, x2, y1, y2, t) = Γ1 + ε

(
Γ2 − Γ3 + Γ2

3

)
+ δ H1,

where

H1 =
y51

(d− y1)(c− cos(ψ))
, ψ = ωt+ ψ0,

and H0 = Γ1 + ε
(
Γ2 − Γ3 + Γ2

3

)
corresponds to the lowest order truncation of the normal form

unfolding of a Hamiltonian-Hopf bifurcation (5) with a = −1 and η = 1. Here ε > 0, ω ∈ R \Q,
and ψ0 ∈ [0, 2π) is an initial phase. Throughout this section we fix ω = (

√
5− 1)/2, d = 7, c = 5

and δ = 10−3. Denote by Xi = J∇Hi, i = 1, 2, and X = J∇H, where J denotes the canonical
symplectic matrix. Explicitly, one has a flow X = X0 + δX1 of the form (7) with

X0 =
(
− x2 + εy1yq, x1 + εy2yq,−y2 − εx1, y1 − εx2

)⊤
,

where yq = (y21 + y22 − 1) and X1 = (f(y1)g(ψ), 0, 0, 0), with

f(y1) =
y41(5d− 4y1)

(d− y1)2
, g(ψ) =

1

c− cos(ψ)
.

The 2-dof vector field X0 admits F1 = Γ1 and F2 = Γ2 − Γ3 + Γ2
3 as independent first integrals

around the 2-dimensional invariant manifolds.

The Hamiltonian flow X has a complex saddle fixed point with two-dimensional stable and
unstable invariant manifolds. In the unperturbed system, these manifolds coincide and are
foliated by the one-parameter family of homoclinic orbits γ(t, θ0, ε) = (x1(t), x2(t), y1(t), y2(t))
given by

x1(t) = −
√
2 sech(εt) tanh(εt) cos(t+ θ0),

x2(t) = −
√
2 sech(εt) tanh(εt) sin(t+ θ0),

y1(t) =
√
2 sech(εt) cos(t+ θ0),

y2(t) =
√
2 sech(εt) sin(t+ θ0),

where θ0 ∈ [0, 2π) is an arbitrary phase. In particular, γ(t, θ0, ε) has singularities at t =
(πi + 2πki )/(2ε), k ∈ Z. For δ fixed and small, the system was studied in [12], where it
was shown that the splitting of the two-dimensional invariant manifolds of the complex saddle
fixed point is asymptotically exponentially small with quasiperiodic behaviour. For δ small,
the invariant manifolds W u/s can be represented as graphs gu/s : R2 → R2, gu/s(θ0, ψ0) =

(F
u/s
1 (θ0, ψ0), F

u/s
2 (θ0, ψ0)). Each component of the graph gu/s defines a 2-dimensional surface

in R4. A suitable splitting function S = (S1, S2) : T2 → R2 is defined by

Si(θ0, ψ0) = F ui (θ0, ψ0)− F si (θ0, ψ0), i = 1, 2.

It was shown in [12] that both components of the splitting function behave asymptotically similar
as ε→ 0. Specifically, the leading harmonic of the Taylor-Fourier expansion of S1 coincides with
that of S2 for large intervals of log(ε). Additionally, the difference in the ε-values where each
component changes the leading harmonic approaches zero as ε → 0. More precisely, it was
shown that the splitting function S can be approximated as

Si(θ0, ψ0, ε) ≈ δ
∑

m1≥0,m2∈Z
Ĉ(i)
m1,m2

sin(m1θ0 −m2ψ0), (16)
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where the coefficients Ĉ
(i)
m1,m2 ∈ R, which depend on ε and s = |m2ω −m1|, are related as

Ĉ(1)
m1,m2

=
m1ε

s
Ĉ(2)
m1,m2

+O(exp(−πs/ε)).

One can see that, for constant type ω, the dominant harmonic has m1 ∼ 1/s and, assuming the
dependence of S analytic in a finite complex strip, one has s ∼ √

ε and hence both coefficients
differ by a constant. Moreover, one has

Ĉ(1)
m1,m2

=
−2πm1

2m1/2εm1
√
c2 − 1(c+

√
c2 − 1)|m2|dm1−4

1

h(σ)
SP ,

with h(σ) = cosh
(
σπ
2ε

)
if m1 is odd and h(σ) = sinh

(
σπ
2ε

)
otherwise. Moreover,

SP =
∑
i≥0

(m1 + 2i)Pm1+2i−1(σ, ε)

(2d2ε2)i(m1 + i)!i!
, σ = m2ω −m1,

with Pm(σ, ε) as defined in (11).

Let Fε denote the time-2π/ω stroboscopic map of the periodically forced HamiltonianH. We aim
to study the quasiperiodic behaviour of the splitting function of the two-dimensional invariant
manifolds of Fε. As shown in Section 4.2, for the vector field X0 written in symplectic polar
coordinates and restricted to Γ1 = 0, the angular variables satisfy θ1 = θ2 (or θ1 = θ2 − π)
along the homoclinic orbit. Therefore, in a neighbourhood of the invariant manifolds, we may
take the internal angular variable as θ = θ2, so that ωθ = 1 and ωψ = ω. The frequency vector
of the stroboscopic 2π/ω-map is then Ω = (1/ω, 1). In this setting, linear approximations of Ω
by the best rational approximants m1/m2 of ω are directly related to the small divisors, since
s/ω = |m1/ω −m2| = |(m1,−m2) · Ω|.

To use the methodology explained in Section 2, we consider initial points p0 = (0, 0,
√
2, 0)

lying in the homoclinic orbit γ of the unperturbed system. Then, we introduce the following
observable

η(x1, x2, y1, y2) = arctan(R1/(
√
2−R2)),

and measure the distance to the identity with the ℓ1-norm

∥∆F kε ∥1 = |∆θ|+ |∆η|. (17)

For a given ε, the procedure gives an optimal value k = k(ε) such that F kε is the closest iterate
to the identity. As illustrated by the green curve in Fig. 4, we observe that, for sufficiently small
ε, this iterate coincides with m1, where m1/m2 denotes a best approximant of ω = (

√
5− 1)/2.

The approximants of the golden frequency are the ratio of consecutive Fibonacci numbers.

Moreover, to compute the weights of the above norm, we follow the approach of Section 3. First,
note that the evolution of the η-coordinate can be approximated by

η 7→ η +
2π

ω

(
R2(1−R2

2)(R2 −
√
2)−R2

1

(R2 −
√
2)2 +R2

1

)
ε.

Taking into account the relation between R1 and R2 along the separatrix determined by the
Duffing Hamiltonian (6), and assuming R2 ≈

√
2, it follows that after k iterates ∆η ≈ kεπω .

On the other hand, the function g(ψ) is analytic in the complex strip {ψ ∈ C,Re(ψ) ∈
T, |Im(ψ)| < ρψ} while the function f(y1), with y1 = R2 cos(θ), is analytic in the complex
strip {θ ∈ C,Re(θ) ∈ T, |Im(θ)| < ρθ}, with

ρψ = arccosh(c) and ρθ = arccosh(d/
√
2).
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Figure 4: For the time-2π/ω stroboscopic map Fε of the Hamiltonian H with ω = (
√
5− 1)/2,

we show, as a function of ε, the values of k for which F kε is closest to the identity. This distance
is measured using the norm (17) (green) and the weighted norm (18) (orange). Within the range
of ε displayed, the changes detected using the weighted norm visually coincide with the ones of
the splitting function (16) (displayed in blue behind the orange ones).

Finally, the width of the analytic strip in the t variable is given by the location of the closest
singularity to the real axis of the homoclinic orbits γ, which is ρt = π/(2ε).

Hence, using the approximations m1 ≈ ω∆η
πε and s ≈ ω∆θ

2π , the weighted norm introduced in (1)
can be written as

∥∆F kε ∥1 =
ω

2πε
(|∆θ|w+ |∆η|w0) . (18)

with

w = π/2± ε arccosh(c)/ω, and

w0 = 2(arccosh(d/
√
2) + arccosh(c)/ω).

This weighted ℓ1-norm provides the sequence of iterates k = k(ε) displayed in orange in Fig. 4,
for which the map F kε is close to the identity and, as ε→ 0, the values at which k changes tend
to align with changes in the dominant harmonic of the splitting function (16).

6 Examples of general discrete maps

6.1 A map with a Hopf-one bifurcation

Consider a three-dimensional volume-preserving map Fε defined as a perturbation of the dis-
cretization of the unfolding of the Hopf-zero singularity introduced in (4) for b = 1/2. Concretely,
Fε : (x, y, z) 7→ (x̄, ȳ, z̄) is given by

x̄ =
x cos(h) + y sin(h)√

1 + 2hz
,

ȳ =
−x sin(h) + y cos(h)√

1 + 2hz
,

z̄ = z + h

(
−ε2 + z2 +

x2 + y2

2(1 + 2hz)
+ δ

ȳ(x̄2 + ȳ2)

2(c− ȳ)

)
.
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Figure 5: In the left plot we show the Σ-area A(p∗) in orange and the splitting angle α(p∗) in
blue for an heteroclinic orbit p∗ of the map Fε with parameters h = 2π/ω, δ = 0.1, c = 0.5 and
ω =

√
2. In the right plot, we display the values of k for which the iterate F k approximates the

identity, as a function of ε for ω =
√
2.

The perturbation corresponds to a discretization of the autonomous vector field perturbation
δX1 defined in (8), with g(ψ) = 1. Consequently, Fε provides an approximation of the time-h
map of the vector field X studied in Section 5.1, suggesting that the map has a similar geometry
and splitting behaviour. Throughout this section we fix δ = 0.1, d = 5, c = 0.5 and h = 2π/ω,
with ω =

√
2. The map Fε has two saddle-focus fixed points (x, y, z) = (0, 0,±ε), each with a

one-dimensional and a two-dimensional invariant manifold sharing the same geometric structure
as in the flow, see Fig. 1.

To study the splitting between the two-dimensional invariant manifolds one can compute a
suitable local quantity at a homo/heteroclinic orbit. Following [22], we compute the splitting
Σ-area A(p∗) and the splitting angle α(p∗) at a heteroclinic orbit p∗. Let us recall that the
splitting Σ-area is defined as the signed area of the parallelepiped that form the normalized
tangent vectors to the curves W u(p−) ∩ {z = 0, ψ = ψ∗} and W s(p+) ∩ {z = 0, ψ = ψ∗} at
p∗ and the splitting angle is the angle between the corresponding tangent planes at p∗. The
results are shown in the left plot of Fig. 5. The results suggest a quasi-periodic behaviour of the
splitting with the first change in the leading harmonic close to ε = exp(−5), but computations
for smaller values of ε require much more precision and computing time.

We use the methodology introduced to further investigate the quasi-periodic properties of such
splitting. Taking

θ = arctan(y/x), and η(x, y, z) = z,

one has ωθ = −h/(2π). The dynamics of the (θ, η)-coordinates can be approximated by the
linear dynamics

η 7→ −hε2, θ 7→ −h mod 2π,

so that after k iterates one has

|∆η| ≈ khε2, |∆θ| ≈ 2π| − hk/(2π) + k̃| = 2πs, k̃ ∈ Z.

Moreover, one checks that ρt = π/(2ε) and ρθ = arcsinh(c/(2ε)) ≈ | log ε| + log(c). Therefore,
we are in the regime where f behaves as an entire function, as described in Section 5.1.1, and
the appropriate scaling of ∆η is ∆η| log ε|/ε. Finally, since ψ is an angular variable defined
implicitly through a suspension of Fε, we consider ρψ = 0 in the ℓ1-norm introduced in (1).
Then, we define

∥∆F kε ∥1 =
1

hε

(
|∆θ|π

2
+

|∆η|
ε

(| log ε|+ log(c))

)
.
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Figure 6: In the left plot, we show the Σ-area A(p∗) for a heteroclinic orbit p∗ of the Michelson
map Fε with h = 0.2. In the center plot, we display the values of k for which the iterate F k

approximates the identity as a function of ε with h = 0.2 fixed.

The results obtained using this norm are shown in the right plot of Fig. 5. We observe that,
for h = 2π/ω, the splitting between the two-dimensional invariant manifolds is quasi-periodic,
and the dominant harmonics are determined by the best rational approximants of the frequency
ω =

√
2.

6.2 The Michelson map

We consider the Michelson map Fε : (x, y, z) 7→ (x̄, ȳ, z̄) given by

x = x+ hy,

y = y + hz̄,

z = z + h(ε(1− x2)− y).

which depends on parameters ε ≥ 0 and h. For ε > 0 and h > 0 small, the map Fε has two
saddle-focus fixed points p± = (±1, 0, 0), each with a one-dimensional and a two-dimensional
invariant manifolds. This map was introduced in [21], and it is obtained as a volume-preserving
discretization, with stepsize h, of the divergence-free Michelson vector field

XM (x, y, z, ε) = (y, z, ε(1− x2)− y).

It is well-known that XM has a perturbed bubble of stability, see for example [9], bounded by the
two-dimensional invariant manifolds of the saddle-focus fixed points. Note also that, for ε = 0,
the phase space is foliated by invariant planes x + z = c, c ∈ R, where the (y, z)-subsystem
reduces to a harmonic oscillator. For h small, the global phase space structure of Fε resembles
that of the Michelson flow.

As in the previous section 6.1, to study the splitting between the two-dimensional invariant
manifolds of Fε, one can compute the splitting Σ-area A(p∗) at a heteroclinic orbit p∗. Following
[9], we consider Σ = {(x, y, z) ∈ R3 : g(x, y, z) = 0} with

g(x, y, z) = x+ (1− 2ε2)z − ε(y + ε)(2x+ 3z/2), (19)

because, for ε and h small, the first intersection of the invariant manifolds with Σ are closed
curves that are homotopic to a circle. The results, shown in the left plot of Fig. 6, suggest a
quasi-periodic behaviour of the splitting function with the first change in the leading harmonic
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close to ε = exp(−3.35), but computations for smaller values of ε require much more precision
and computing time. Hence, we use the methodology explained in this work.

First, we consider the internal angle

θ = arctan(z/y),

which tends to the angular variable of the harmonic oscillator as ε→ 0. Because of the geomet-
rical analogy with the example 6.1, we consider the observable

η(x, y, z) = g(x, y, z),

where g is defined in (19), since it gives the distance to the section Σ. The transversality of Σ for
small values of h guarantees a well-defined projection onto the η direction of the splitting along
the ψ variable associated with the suspension of the map. On the other hand, introducing the
coordinates (s, θ, r) = (x+z, arctan(z/y),

√
y2 + z2) in the Michelson system and neglecting the

terms of order O(ε/r), the reduced system admits the first integral H(s, r) = r2(1− s2 − r2/4).
Accordingly, we choose the initial point p0 = (0, 2, 0) on the separatrix of the reduced (s, r)
subsystem.

Then, we measure the distance to the identity of the iterates of the point p0 with the norm

∥∆F kε ∥1 = |∆θ|+ |∆η|.

The right plot of Fig. 6 shows a sequence of integers k so that F kε is the closest iterate of the
map to the identity for a given value of ε.

To understand the relation of k with the frequency vector Ω = (ωθ, 1), we consider ω0
θ to be the

limit frequency of ωθ as ε → 0. Concretely, one has ω0
θ = logµ/(2πi ) where µ is the complex

eigenvalue with positive imaginary part of the origin for Fε=0. Hence, the values of k giving the
closest iterate to the identity correspond to m2 such that m1/m2 are best approximations of ω0

θ .

For h = 0.2 one has ω0
θ ≈ 0.03188428 and its first approximants are

1

31
,
2

63
,
3

94
,
11

345
,

410

12859
,

831

26063
,

37805

1185694
, . . .

We observe that all the previous approximants except the second one are detected in Fig. 6. As
expected, the best approximant prior to one with m2 relatively large becomes dominant for a
large range of ε. Indeed, simulations up to log(ϵ) ≈ −48 show no changes of k, indicating that
the harmonic corresponding to 831/26063 is the dominant one in a large range of log(ε) < −16.

6.3 A Froeschlé-like map with a Hamiltonian-Hopf bifurcation

As a final example, we consider the four-dimensional symplectic map Fε : (ψ1, ψ2, J1, J2) 7→
(ψ̄1, ψ̄2, J̄1, J̄2) given by

ψ̄1 = ψ1 + δ(J̄1 + a2J̄2), ψ̄2 = ψ2 + δ(a2J̄1 + a3J̄2),

J̄1 = J1 − δ sin(ψ1), J̄2 = J2 + δ (4/9 + ε) sin(ψ2),

with a2 = 1/2, a3 = −3/4 and δ = 1/2. The map Fε admits the reversibility R(ψ1, ψ2, J1, J2) =
(−ψ1,−ψ2, J1 − δ sin(ψ1), J2 + δ(4/9 + ε) sin(ψ2)), that leaves fixed all the points of the plane
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Figure 7: For the Froeschlé-like map Fε, we display, as a function of ε, the values of k for
which the iterate F kε becomes the closest to the identity. In the left plot δ = 0.5, such that
ω0
θ = arctan(

√
23/11)/π and in the right plot we use δ ≈ 2.02166 such that ω0

θ = (
√
5 − 1)/2.

The values of k correspond to the best approximants of the limit frequency ratio.

ΠR = {ψ1 = ψ2 = 0}. At ε = 0 the fixed point at the origin undergoes a discrete Hamiltonian-
Hopf bifurcation: for ε < 0 the origin is elliptic, for ε = 0 there is a Krein collision with negative
signature at the angle β = arctan(

√
23/11) of the eigenvalues at the origin, and for ε > 0 the

origin becomes a complex-saddle fixed point, with two-dimensional stable and unstable invariant
manifolds.

The map Fε was obtained as a first-order truncated model for the dynamics of a 4D symplectic
map at the intersection of two resonances of different but similar orders [13]. Concretely, it cor-
responds to a symplectic Euler discretization, with stepsize δ, of the Hamiltonian flow generated
by

H(ψ1, ψ2, J1, J2) =
J2
1

2
+ a2J1J2 + a3

J2
2

2
− cos(ψ1)− ϵ cos(ψ2).

The parameters considered are such that a3 − a22 < 0 (non-definite quadratic part in actions),

and it can be shown that there are ϵ
(2)
c < ϵ

(1)
c < 0 such that, for ϵ ∈ (ϵ

(2)
c , ϵ

(1)
c ), the fixed point at

the origin is of complex-saddle type. For the values of a2 and a3 considered one has ϵ
(1)
c = −4/9,

which justifies that we study the map Fε above for small values of ε = ϵc − ϵ > 0. The linear
change of coordinates [12]

x1 =
1

2
ψ1 −

1

3
ψ2, x2 = − 1√

6
J1 −

√
3

2
√
2
J2, (20)

y1 =
5

4
J1 −

9

8
J2, y2 =

3
√
3

4
√
2
ψ1 +

5

2
√
6
ψ2,

reduces the quadratic part of H to H2 = −
√

2/3Γ1 + Γ2. Hence, a near-identity change of
coordinates and the rescaling xi 7→ εxi, yi 7→

√
3ε/2 yi leads to an unfolding of the Hamiltonian-

Hopf bifurcation defined by the Hamiltonian H0 in (5) with a = −9/32 and η = 5/1024.

Our goal is to investigate the quasiperiodic behaviour of the splitting function associated with the
two-dimensional invariant manifolds of Fε. The previous relation of Fε and the Hamiltonian (5)
allows us to understand the geometry of the map. In particular, we choose below the initial
condition p0(ε) = (0, 0, 6

√
6ε/5,−12

√
2ε/15), which is located at the intersection between the

separatrix of the Duffing part of the unperturbed Hamiltonian H0 and the section ΠR. On the
other hand, because the Hamiltonian-Hopf geometry and following Section 5.2, we introduce the
internal angular variable

θ = arctan(y2/y1),
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and consider
η(x1, x2, y1, y2) = (x1y1 + x2y2)/R2,

where R2 =
√
y21 + y22. Note that the range of the variable η is related to the size of the Duffing

loop, which is of order O(ε), while θ remains of order O(1). Then, we measure the distance to
the identity of the iterates of the map with the weighted norm introduced in (1),

∥∆F kε ∥1 = |∆θ|+ |∆η|/ε.

Let (u1, u2, v1, v2) be coordinates such that the linear dynamics of Fε=0 is reduced to a Jordan
normal form. In the plane Πu = {u1 = u2 = 0}, the linear dynamics in these coordinates is a
rotation with frequency ω0

θ = β/π. We can measure such an angular frequency by looking at
the frequency of the projected motion onto any non-orthogonal transversal plane through the
origin. We used the angular variable θ in the plane Πx = {x1 = x2 = 0}, expressed in the
coordinates (20) as the linear dynamics of H in this plane is a rotation. For δ relatively small,
the motion on Πu projects onto Πx, then the frequency ωθ of the angular variable θ we have
introduced in Πx tends to ω0

θ as ε→ 0. As for a map ωψ = 1, one has Ω = (ωθ, 1). Accordingly,
in the left plot of Fig. 7 we observe values of k that are denominators of approximants of ω0

θ .
The first best approximants of ω0

θ = arctan(
√
23/11)/π ≈ 0.130869 are
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where we have indicated the approximants not detected, which we conjecture correspond to
hidden harmonics [11] of the splitting function, namely harmonics associated with best approx-
imants of the frequency that, despite being expected to dominate, never do so for any value of
ε.

The results for ωθ = (
√
5 − 1)/2, which is the limit frequency for δ ≈ 2.0216638371, are shown

in the right plot of Fig. 7. The results indicate that after a detected harmonic, there are two
consecutive hidden ones. We believe that the fact that there are hidden harmonics even for the
golden frequency is related to the symmetries of the Froeschlé-like map Fε considered.

Despite the presence of hidden harmonics in both cases, one observes a regular pattern for
constant type frequencies as in the right plot. In contrast, an irregular pattern is seen in the
left plot, alternating short and longer steps in a quasi-random way.

7 Conclusions

In this paper, we have shown how the simultaneous approximation of a given frequency vector
is related with the distance to the identity of a family of integrable maps. We have used this
relation to determine the dominant harmonic of the splitting of multi-dimensional invariant
manifolds of a fixed point of a discrete map that admits a m-dimensional rotational symmetry
group. Moreover, we have described the relations between the discrete splitting function for
a conservative map and the splitting function for a periodically forced divergence-free flow,
and used this relation to translate the quasi-periodic asymptotic properties of the splitting.
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Finally, we have illustrated the methodology in a collection of different examples, and discuss
the difficulties that appear in each case.

The simple simulations performed for each example allow us to detect some of the quasi-periodic
properties of the asymptotic behaviour of the splitting of the two-dimensional invariant mani-
folds. In particular, the methodology helps to detect hidden harmonics of the splitting functions,
that is, harmonics that never become leading.

The methodology presented, maybe combined with a posteriori numerical fitting of the am-
plitude of the splitting, can serve as a basic tool to obtain an approximate description of the
exponentially small asymptotic behaviour in more involved systems. We emphasize that such
an approximation is usually enough to describe the dynamics within the chaotic zone around
the invariant manifolds using adapted return separatrix maps [27, 3, 24]. In these regions, the
dynamics is highly non-ergodic due to stickiness around the small resonant structures (general-
izations of islands of stability to higher dimensions), leading to anomalous diffusion properties,
which might depend on the quasi-periodic properties of the splitting behaviour and to pos-
sible generalizations of the well-known power-like tails of Poincaré recurrences in the planar
area-preserving case, a topic in which Prof. V. Afraimovich made relevant contributions [1, 2].

The ideas discussed in this paper were motivated by the numerical difficulties to investigate
the splitting of multidimensional invariant manifolds in some concrete examples, mainly, in
studying the splitting of the invariant manifolds of the saddle-focus fixed points created at
a volume-preserving Hopf-zero bifurcation and the splitting of the invariant manifolds of the
complex-unstable point created at a Hamiltonian-Hopf bifurcation. We believe that similar
ideas can be applied in other contexts, for example, to numerically investigate the splitting
of homoclinic orbits to invariant tori in Hamiltonian systems, both in discrete and continuous
settings.
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