On the divergence of polynomial interpolation

Àngel Jorba and Joan Carles Tatjer Departament de Matemàtica Aplicada i Anàlisi

Universitat de Barcelona Gran Via 585, 08007 Barcelona, Spain E-mails: angel@maia.ub.es, jcarles@maia.ub.es

April 19th, 2001

Abstract

Consider a triangular interpolation scheme on a piecewise C^1 curve of the complex plane, and let Γ be the closure of this triangular scheme. Given a meromorphic function f with no singularities on Γ, we are interested in the region of convergence of the sequence of interpolating polynomials to the function f. In particular, we focus on the case in which Γ is not fully contained in the interior of the region of convergence defined by the standard logarithmic potential. Let us call Γ_{out} the subset of Γ outside of the convergence region.

In the paper we show that the sequence of interpolating polynomials, {P_n}_n, is divergent on all the points of Γ_{out}, except on a set of zero Lebesgue measure. Moreover, the structure of the set of divergence is also discussed: the subset of values z for which there exists a partial sequence of {P_n(z)}_n that converges to f(z) has zero Hausdorff dimension (so it also has zero Lebesgue measure), while the subset of values for which all the partials are divergent has full Lebesgue measure.

The classical Runge example is also considered. In this case we show that, for all z in the part of the interval (−5, 5) outside the region of convergence, the sequence {P_n(z)}_n is divergent.

Keywords: Runge phenomenon, logarithmic potential.

Contents

1 Introduction 3

2 Basic definitions and properties 5 2.1 Schemes and distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Regular nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Proper interpolation sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Main results 8 3.1 Application to an example by C. Runge . . . . . . . . . . . . . . . . . . . . 10 3.2 A counterexample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Proofs 12 4.1 A formula for the interpolation error . . . . . . . . . . . . . . . . . . . . . 12 4.2 The asymptotic behaviour of w_n . . . . . . . . . . . . . . . . . . . . . . . . 13 4.3 Estimates on measures and dimensions . . . . . . . . . . . . . . . . . . . . 21 4.4 Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.5 Proof of Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

A Technical lemmas 27

References 28

1 Introduction

The main purpose of this paper is to study the convergence, in the complex plane, of a sequence of interpolating polynomials to a given meromorphic function f. More specifically, let β : [0, 1] −→ C be a simple and piecewise C^1 curve whose derivative is always different from zero, and assume that f has no poles on β([0, 1]). Let us denote by {t_{n,j}}_{0≤j≤n,n≥0} a triangular interpolation scheme on the interval [0, 1] (see Section 2). This scheme induces a triangular scheme {x_{n,j}}_{0≤j≤n,n≥0} on β([0, 1]) ⊂ C , by defining x_{n,j} = β(t_{n,j}). We will denote by {P_n}_{n≥0} the corresponding sequence of interpolating polynomials; in other words, P_n is the (only) polynomial of degree less than or equal to n that satisfies P_n(x_{n,j}) = f(x_{n,j}) for all j between 0 and n. As usual, if x_{n,j1} = x_{n,j2} = · · · = x_{n,jr} for r (different) values j_k, we assume that P_n also interpolates the first r − 1 derivatives of f on the point x_{n,j1} . Then, given a z ∈ C , a natural question is to determine if {P_n(z)}_{n≥0} converges to the value f(z). Classical references for this problem are [Wal35, Ste50, Dav75].

In this work we will not assume any concrete triangular scheme for the interpolating points; we will only ask them to admit a distribution.

Definition 1.1 An interpolation scheme {x_{n,j} }_{0≤j≤n,n≥0} is said to have a distribution if the limit lim_{n→∞} #{ j : t_{n,j} ∈ [0, t] , 0 ≤ j ≤ n} n + 1 exists for all t ∈ [0, 1], where # is used to denote the cardinal of a set. If we denote by φ(t) the value of this limit, then φ(t) is known as the distribution associated to the interpolation scheme {x_{n,j}}_{0≤j≤n,n≥0}.

A well known interpolation scheme is obtained using equidistant nodes on a given interval, giving rise to a linear distribution φ. Another classical example is based on using a finite number of different values of x_{n,j}, or, in other words, applying a Taylor interpolation method on a finite number of points. In this case, φ is a piecewise constant function, and the discontinuities correspond to the position of the interpolating nodes.

Remark 1.1 Given a distribution φ it can be proved that there exists a unique probability measure μ defined on the Borel sets of [0, 1] such that for 0 ≤ a ≤ b ≤ 1, μ((a, b]) = φ^∗(b) − φ^∗(a), where φ^∗ is the unique function which is monotone increasing, continuous on the right, and agrees with φ wherever φ is continuous on the right (see, for instance, [Roy88], page 302). In particular, φ^∗(1) = φ(1) = 1 and μ([0, 1]) = 1, and, therefore, μ({0}) = φ^∗(0).

To study the domain of convergence of interpolation schemes with distribution φ, we denote by μ the corresponding Borel measure and we introduce the logarithmic potential V : C \ β([0, 1]) −→ R, defined by

V (z) =

∫_1 0 ln |z − β(t)| dμ. (1)

Sometimes we will also refer to V as the level function of the triangular scheme. V can be extended to the values z ∈ β([0, 1]) by defining V (z) = −∞ when the integral (1) is not convergent.

Let us define Γ ⊂ β([0, 1]) as the closure of the triangular scheme {x_{n,j}}_{0≤j≤n, n≥0}. Moreover, for simplicity, we will assume that f has a finite number of poles α_1, . . . , α_m, that all of them are simple, and none of them belongs to Γ. We denote by α_0 a pole such that V (α_0) = min_{1≤k≤m} V (α_k).

Note that, as none of the α_k belongs to Γ, |V (α_0)| < ∞. Then, if we define

C = {z ∈ C such that V (z) < V (α_0)}, D = {z ∈ C such that V (z) > V (α_0)},

it is known that the sequence {P_n(z)}_{n≥0} converges to f(z) if z ∈ C, and that it converges to ∞ if z ∈ D \ Γ (see, for instance, [War76, Sim77]). Note that these classical techniques do not work neither for z such that V (z) = V (α_0), nor for z ∈ Γ ∩ D. This last case will be the main topic of this paper.

The situation considered here is then the following: assume that {x_{n,j}}_{0≤j≤n, n≥0} is a triangular scheme on β([0, 1]), having a distribution φ with a Borel measure μ. Moreover, let us write the closure of the triangular scheme Γ as Γ_{in} ∪Γ_{out} ∪Γ_l, where Γ_{in} = Γ∩C (Γ_{in} is the part of Γ inside the convergence region C), Γ_{out} = Γ ∩ D (Γ_{out} is outside C) and Γ_l contains the remaining points on Γ (Γ_l is the part of Γ inside the level set V (z) = V (α_0)). We are concerned with the behaviour of the interpolating polynomial on Γ_{out}. Hence, we will focus on the case Γ_{out} ≠ ∅. Then, although the interpolation scheme is dense on Γ_{out}, we do not expect convergence on the full region due to the well-known Runge phenomenon ([Run01]).

In this paper we will show that the subset of z ∈ Γ_{out} for which the sequence {P_n(z)}_{n≥0} converges to ∞ is of full Lebesgue measure^1 in Γ_{out}. Moreover, the set z ∈ Γ_{out} for which there exists a subsequence of {P_n(z)}_{n≥0} convergent to f(z) is not only nonempty but also dense in the relative interior of Γ_{out} in β([0, 1]), and with zero Hausdorff dimension (so it also has zero Lebesgue measure). In particular, if we define Γ^c_{out} as the set of points z ∈ Γ_{out} for which the sequence {P_n(z)}_{n≥0} converges to f(z), then this set has to have zero Hausdorff dimension (these are the statements of Theorem 3.1). However, the only knowledge of the distribution φ is not enough to give more information on Γ^c_{out}: for instance, the equidistant triangular scheme^j_n (0 < j < n) on [0, 1] has Γ^c_{out} = ∅ (see Theorem 3.2), while a suitable modification of this triangular scheme, that still admits the same (uniform) distribution, produces a Γ^c_{out} that is dense in Γ_{out} (see Section 3.2). We note that Theorem 3.2 can be immediately applied to the well known Runge example to prove the divergence in all the points of Γ_{out} except, of course, the endpoints of the interpolation interval since they are always interpolating nodes (see Section 3.1).

1We define the Lebesgue measure of a set A ⊂ β([0, 1]) as the usual Lebesgue measure of the set β^{−1}(A) ⊂ [0, 1].

To present these results, the paper has been organised as follows: Section 2 contains the notations, main definitions and basic properties about triangular schemes and interpolation. Section 3 is devoted to the formal presentation of the results, including the application to the Runge example. Finally, Section 4 is devoted to the proofs of the main results and Appendix A contains some properties of the level sets of the logarithmic potential.

A natural extension of these results is to consider interpolating schemes whose closure is not contained in a curve of C . This is work in progress.

2 Basic definitions and properties

This section introduces the main definitions used in the paper. They refer to the distribution of the nodes (Sections 2.1 and 2.2) and to the sets where the convergence is studied (Section 2.3).

2.1 Schemes and distributions

Let {x_{n,j}}_{0≤j≤n,n≥0} be a triangular scheme, having a distribution φ with the associated Borel measure μ. In this paper, we will restrict ourselves to cases in which φ is continuous on Γ_{out} = Γ ∩ D. Apparently, we are ruling out a typical situation for the distribution of an interpolation scheme: discontinuities. They usually correspond to interpolate an increasing number of derivatives of the interpolated function f at a given point, or to a very high accumulation of interpolating points in a small region. Note that the measure μ of a discontinuity point is positive so it can be represented by a suitable Dirac delta. Then, the logarithmic potential (1) goes to −∞ when z goes to the discontinuity point of the distribution (see Proposition 2.1); this implies that a sufficiently small neighbourhood of this point (and, hence, the discontinuity) is included in the convergence region. Therefore, the assumption of the continuity of φ outside the convergence region seems quite natural (see Proposition 2.2).

In what follows, we will use interpolation schemes that are not triangular. The main reason is that, in some proofs, we will use schemes obtained by selecting an infinite subset of nodes of a given scheme. Hence, some lemmas and propositions are stated using nontriangular schemes. We note that the technicalities of the proofs are almost identical in the general and the triangular cases. For these reasons, we give the following definition.

Definition 2.1 Let {k(n)}_{n≥0} be a sequence of natural numbers. A sequence of complex numbers {x_{n,j}}_{0≤j≤k(n),n≥0} such that x_{n,j} = β(t_{n,j}) is said to be an interpolation scheme on β if

1. lim_{n→∞} k(n) = ∞, 2. if 0 ≤ j ≤ ℓ ≤ k(n) then t_{n,j} ≤ t_{n,ℓ}. If k(n) = n for all n ≥ 0 the scheme is said to be triangular.

Next proposition is about the logarithmic potential V defined in (1). It is well known (see, for instance, [Ran95]) that V is a subharmonic function on C and harmonic on C \ β(supp μ), where supp μ denotes the support of the measure μ on [0, 1].

Proposition 2.1 Let V be a logarithmic potential. Then:

1. If x ∈ C \ β(supp μ), then V is continuous at x.

2. If x ∈ β([0, 1]) and V (x) = −∞ then V is continuous at x.

3. The set C_M = {x ∈ C such that V (x) < M} is open and bounded for all M ∈ R.

Proof: The first statement holds because V is harmonic on C \ β(supp μ). Now, suppose that x ∈ β([0, 1]) and V (x) = −∞, and let (x_n)_{n∈N} be a sequence that converges to x when n tends to infinity. We have to prove that lim_{n→∞} V (x_n) = −∞. Indeed, let f_n(t) = ln |x_n − β(t)| and f(t) = ln |x − β(t)|. Note that f_n(t) → f(t), for all t ∈ [0, 1], because ln y, y > 0, is a continuous map that tends to −∞ when y tends to zero. Moreover, there exists a constant M ∈ R such that f_n(t) ≤ M, for all t ∈ [0, 1] and all n ∈ N. This means that g_n = M −f_n are positive functions for all n ∈ N, and g_n(t) → g(t) = M −f(t), for all t ∈ [0, 1]. By applying Fatou’s Lemma, one gets: ∫_1 0 g dμ ≤ lim inf_{n→∞} ∫_1 0 g_ndμ. This means that lim sup_{n→∞}

∫_1 0 f_ndμ ≤ ∫_1 0 fdμ = −∞. Therefore, lim_{n→∞}

∫_1 0 fdμ = lim_{n→∞} V (x_n) = −∞. Finally, suppose that there exists M_0 ∈ R such that C_{M0} is unbounded. Let N = max_{t∈[0,1]} |β(t)| > 0. As the set is unbounded, for all n ∈ N there exists x_n ∈ C such that V (x_n) < M_0 and |x_n| > (n + 1)N. But then:

V (x_n) =

∫_1 0 ln |x_n − β(t)|dμ ≥ ln(nN), Hence, if n is large enough, V (x_n) > M_0 which is absurd. This means that the set C_M is bounded for all M. As V is subharmonic, C_M is also an open set.

Proposition 2.2 Let {x_{n,j}}_{0≤j≤n,n≥0} be a triangular scheme with closure Γ ⊂ β([0, 1]) and distribution φ. If M ∈ R, let us define the sets C_M = {x ∈ C such that V (x) < M} and T_M = {t ∈ [0, 1] such that β(t) /∈ C_M }. Then the distribution φ is continuous on T_M .

Proof: Let t_s a point of discontinuity of φ. If V is the logarithmic potential associated to the triangular scheme, then V (β(t_s)) = −∞. As, by Proposition 2.1, V ∘ β is continuous at t_s, there exists an open neighbourhood U_s of β(t_s) such that U_s ⊂ C_M and U_s ∩β([0, 1]) is an open interval. Therefore, φ has no discontinuities on T_M .

2.2 Regular nodes

Let {x_{n,j} }_{n≥0,0≤j≤k(n)} be an interpolation scheme, with closure Γ, on a parametrised curve β. Suppose that this scheme has a distribution φ. Let us define a_{n,j} ∈ R as a_{n,j} = k(n)μ([t_{n,j}, t_{n,j+1}]) − 1, j = 0, . . . , k(n) − 1, (2) where μ is the Borel measure associated to φ. We note that the numbers a_{n,j} are zero iff the triangular scheme is equispaced with respect to the measure μ.

Definition 2.2 If x ∈ Γ, the scheme {x_{n,j}}_{n≥0,0≤j≤k(n)} is said to have regular nodes at the point x = β(t) with respect to φ (or μ) if

a) φ is continuous in a neighbourhood of t;

b) there exists δ > 0 such that, for all n, there exists b_n ≥ 0 satisfying:

b.1) for any p and q (p < q) in S_n(t, δ) = {j such that t_{n,j} ∈ [t − δ, t + δ]}, we have | | | | q−1∑ j=p a_{n,j} k(n) ln(k(n)) | | | | ≤ bn; b.2) lim_{n→∞} b_n = 0.

The scheme {x_{n,j}}_{n≥0,0≤j≤k(n)} is said to have regular nodes on a set Γ^′ ⊂ Γ iff it has regular nodes at each x ∈ Γ^′.

Given a continuous distribution φ, it is always possible to select a scheme {^x_{n,j}}_{n≥0,0≤j≤k(n)} such that a_{n,j} = 0, for all n and j. Of course, the distribution of such a scheme will be again φ. In some sense, {^x_{n,j}}_{n≥0,0≤j≤k(n)} is a “canonical scheme” for φ. Hence, this is a local condition on the proximity of the original scheme to a “canonical scheme” in a neighbourhood of a given point t.

The condition given in Definition 2.2 is used in the proofs but only for technical reasons. We do not know whether it can be removed from the statements of the theorems.

2.3 Proper interpolation sets

Let f : U ⊂ C −→ C be a meromorphic function in a simply connected region U with m simple poles {α_k}^m_{k=1}. Given an interpolation scheme {x_{n,j}}_{0≤j≤k(n),n≥0} contained in U, we denote by P_n the (unique) interpolating polynomial of f on the nodes x_{n,0}, . . . , x_{n,k(n)} (note that P_n is a polynomial of degree at most k(n)). To fix ideas, we give now the well-known Hermite formula for the interpolating error (see [Wal35, Dav75]): let γ_n be a Jordan curve such that its interior (i.e., the bounded connected component of C \ γ_n) contains the nodes x_{n,0}, . . . , x_{n,k(n)}, and f is analytic on an open neighbourhood of γ_n and its interior. Then, for all x in the interior of γ_n, we have R_n(x) ≡ f(x) − P_n(x) = 1 2πi ∫ γ_n w_n(x)f(z) w_n(z)(z − x) dz.

where w_n(x) = ∏_{k(n)} j=0 (x − x_{n,j}). To derive information about the limit behaviour of the sequence of interpolating polynomials, we need to work on a sufficiently big region. A sufficient (but quite technical) condition for such a region is given in the next definition. This condition will be used later (in Proposition 4.1) to derive an error formula for the interpolating polynomials.

Definition 2.3 A set K ⊂ U is said to be a proper interpolation set with respect to f, U and {x_{n,j}}_{0≤j≤k(n),n≥0} if 1. K is a compact set with non-empty interior.

2. The scheme {x_{n,j}}_{0≤j≤k(n),n≥0} is contained in K.

3. There exists a closed, simple, regular and piecewise C^1 curve σ : [0, 1] → C such that: σ([0, 1]) ⊂ U, none of the poles of f belongs to σ([0, 1]), K is contained in the interior of σ, and for all x ∈ K, lim_{n→∞} w_n(x) w_n(z) = 0,

uniformly for z ∈ σ([0, 1]).

4. For any pole α_j of f belonging to the exterior of σ and any x ∈ K, lim_{n→∞} w_n(x) w_n(α_j )

= 0.

Remark 2.1 Note that, if there exists a closed curve σ such that D = dist(σ([0, 1]), K) > d = diam(K), where diam(K) = sup_{y,z∈K} |y − z|, then |w_n(x)/w_n(z)| ≤ (d/D)^{n+1}, for all (x, z) ∈ K × σ([0, 1]) and therefore, K is a proper interpolation set. This condition has already been used in [Sim77].

Proposition 4.3 contains a suitable way of constructing proper interpolation sets using the logarithmic potential.

3 Main results

Let {x_{n,j}}_{0≤j≤n,n≥0} be a triangular interpolation scheme on a piecewise C^1 curve β, with closure Γ ⊆ β([0, 1]) and distribution φ, and let f : U ⊂ C −→ C be a meromorphic function, defined on a simply connected region U, with simple poles {α_k}^m_{k=1} which do not belong to Γ. We denote by {P_n}_{n≥0} the sequence of interpolating polynomials of f on the nodes {x_{n,j} }_{0≤j≤n,n≥0}. As before, let α_0 be a pole such that V (α_0) = min_{1≤k≤m} V (α_k), C = {z ∈ C such that V (z) < V (α_0)} and D = {z ∈ C such that V (z) > V (α_0)}. We also define the sets Γ_{in} = Γ ∩ C and Γ_{out} = Γ ∩ D. Let us split Γ_{out} = Γ^c_{out} ∪ Γ^d_{out}, where Γ^c_{out} (resp. Γ^d_{out}) denotes the set of points x ∈ Γ_{out} on which {P_n(x)}_{n≥0} converges to f(x) (resp. diverges). Finally, Γ^{d,∞}_{out} is defined as the set of x ∈ Γ^d_{out} on which {P_n(x)}_{n≥0} converges to infinity, and Γ^{sub}_{out} is the set of x ∈ Γ_{out} on which {P_n(x)}_{n≥0} has a subsequence convergent to f(x) (note that Γ^c_{out} ⊂ Γ^{sub}_{out} ).

Then, under this notation and conditions, we have the following results.

Theorem 3.1 If K ⊂ U is a proper interpolation set, then

1. If x ∈ K ∩ C then {P_n(x)}_{n≥0} converges to f(x); if x ∈^∘K ∩ C then {P_n(x)}_{n≥0} converges locally uniformly to f(x).

2. If x ∈ K, but x /∈ C ∪ Γ ∪ {α_1, . . . , α_m}, then {P_n(x)}_{n≥0} converges to ∞.

3. If the relative interior of Γ_{out} in β([0, 1]) is non-empty, then the set Γ^{sub}_{out} is uncountable and dense in the relative interior of Γ_{out}.

4. Assume that the triangular scheme has regular nodes on the set Γ_{out}. Then we have that λ(β^{−1}(Γ^{d,∞}_{out} )) = λ(β^{−1}(Γ_{out})), where λ denotes the Lebesgue measure defined in [0, 1]. Moreover, Γ^{sub}_{out} has Hausdorff dimension equal to zero.

Remark 3.1 Items 1 and 2 are well-known results (see, for instance, [War76]), that we have included for completeness.

Remark 3.2 The distribution φ is continuous on the points t ∈ [0, 1] for which β(t) does not belong to the convergence region. This follows from Proposition 2.2 and Theorem 3.1.

Remark 3.3 Note that the assumption on the finiteness of the number of poles can be easily satisfied shrinking, if necessary, the domain U without altering the compact set K. The hypothesis that all the poles have to be simple seems stronger than necessary; see also Remark 4.1.

A particular but very important case corresponds to the use of equidistant nodes for the interpolation of a meromorphic function with a finite number of poles, all of them simple. In this case, the previous result can be more specific.

Theorem 3.2 We select x_{n,j} = t_{n,j} =^j_n , j = 0, . . . , n, n > 0 (this means that, with the previous notation, β is the identity, Γ = [0, 1] and V (z) =

∫_1 0 ln |z − t| dt). Let us denote by C_{max} the level curve of V such that C_{max} ∩ [0, 1] = {0, 1}, and we assume that f is a meromorphic function with a finite number of simple poles, in an open neighbourhood of C_{max} and its interior. If Γ_{out} ≠ ∅ we have

1. Γ_{in} is an interval centred at^1_2 , and Γ_{out} is the union of two disjoint intervals.

2. The interpolation diverges for all x ∈ Γ_{out} \ {0, 1}.

3. The set Γ^{sub}_{out} is uncountable and dense in Γ_{out}. The Hausdorff dimension of Γ^{sub}_{out} is zero.

Remark 3.4 Obviously, the values 0 and 1 have been excluded in item 2 since they are interpolating nodes for all n.

Remark 3.5 Theorem 3.2 can be trivially extended to equidistant nodes on any interval of R.

Theorem 3.2 can be directly applied to a well-known example introduced by C. Runge in [Run01], where he showed the divergence of the interpolating polynomials on some points of the set Γ_{out}.

3.1 Application to an example by C. Runge

Consider the interpolation of the function f(x) = 1 1 + x^2

, (3)

using equidistant abscissas on the interval [−5, 5]. In this case, the distribution associated to the triangular scheme is given by φ(t) =^1_{10} (t+5), and the corresponding Borel measure is the (normalised) Lebesgue measure. The logarithmic potential for this case is given by

V (z) =

∫_5 −5 ln |z − t| dt. (4) As V (z) is symmetric with respect to the real axis, and the poles of (3) are x = ±i, the convergence region is given by

C_R = {z ∈ C such that V (z) < V (i)}. (5)

The boundary of the convergence region (the curve V (z) = V (i)) cuts the real line in two points, t_R ≈ 3.633384302388 and −t_R. Hence, the convergence is assured inside the region (5) and, for z /∈ [−5, 5] ∪ C_R, the interpolation is divergent. The behaviour on the part of [−5, 5] outside C_R has not been previously studied using the logarithmic potential (4), due to its singular character. By using specific techniques for this example, several authors have shown the lack of convergence for some values z ∈ [−5, 5] \ C_R (see [Run01, Mon10, Ste50, IK66, Die68]). The results in this paper are based on the use of the logarithmic potential (4), and imply divergence (to ∞) on a full Lebesgue measure subset of [−5, −t_R] ∪ [t_R, 5]. A more detailed study (see the proof of Theorem 3.2) shows that the convergence set is not only of zero measure, but it only contains two points: ±5 (note that these points are always interpolating abscissas, so the convergence follows trivially). If z ∈ (−5, −t_R) ∪ (t_R, 5) then we distinguish two categories: i) “convergence to infinity” (full measure), or ii) there are partials convergent to f(z) (zero Hausdorff dimension but uncountable and dense). We are not aware of similar results in the literature, and we refer to the proof of Theorem 3.2 for the details. We stress that these results only depend on the location of the poles of f, and not on the function itself.

3.2 A counterexample

A natural question is whether the results in Theorem 3.1 for general interpolating schemes can be improved in the direction of Theorem 3.2. In other words, we can ask if, under the hypotheses of Theorem 3.1, the divergence takes place on all the points of Γ_{out} and not only on a full measure subset.

This section contains an example showing that such a result cannot be true in general. The example uses a triangular scheme with a uniform distribution (and without equidistant nodes!), and the subset of points z of Γ_{out} on which {P_n(z)}_n converges to f(z) is dense on Γ_{out}.

The triangular scheme {x_{n,j} }_{0≤j≤n,n≥0} will be taken on [0, 1] ⊂ C or, in other words, β(t) = t. As before, we assume that we are interpolating a meromorphic function f, such that the convergence region C = {z ∈ C / V (z) < V_0} does not contain the whole interval [0, 1]; that is, we assume that we can split [0, 1] as [0, t_0] ∪ (t_0, t_1) ∪ [t_1, 1] such that C ∩ [0, 1] = (t_0, t_1), being 0 < t_0 < t_1 < 1. Let us start by defining the usual equidistant nodes on [0, 1], t^⋆_{n,j} = j/n, j = 0, . . . , n, n ≥ 1, and let ν : N → Q ∩ [0, 1] be a one to one map. Let us select a real value α ∈ (0, 1), and let us define the values t̂_{n,j} as follows: t̂_{n,j} = { t^⋆_{n,j} if j > n^α, ν(j) if j ≤ n^α. Finally, let us define the triangular scheme t_{n,j} as the result of sorting the values t̂_{n,j} for each n (that is, t_{n,j} ≤ t_{n,k} if j ≤ k). Of course, this sorting is only necessary to match the previous definition of triangular scheme.

Let us now compute the distribution of the scheme {t_{n,j}}_{n,j}. lim_{n→∞} #{j ≤ n / t_{n,j} ≤ t} n + 1

= lim_{n→∞}

[nt] + O(n^α) n + 1 = t, where [nt] denotes the integer part of nt. So, the scheme {t_{n,j}}_{n,j} is uniformly distributed for any α ∈ (0, 1).

To apply the previous results, we have to check that the triangular scheme has regular nodes. In this case, we have that a_{n,j} is zero except for a number of j values of O(n^α), for each n. On the other hand, it is not difficult to see that, μ([t_{n,j}, t_{n,j+1}]) ≤ n^α + 1 n . This estimate corresponds to the worst case, namely t_{n,0} = 0 and t_{n,1} = [n^α + 1]/n. Then, we can easily bound the value |a_{n,j}|: |a_{n,j}| ≤ nμ([t_{n,j} , t_{n,j+1}]) + 1 ≤ n^α + 2. Then, if we add the assumption α < 1/2, we have that, for any indices p and q, 0 ≤ | | | | q∑ j=p a_{n,j} n ln n | | | | ≤ n−1∑ j=0 |a_{n,j}| n ln n ≤ O(n^α) n^α + 2 n ln n = b_n → 0 when n → ∞.

This implies that the nodes are regular on [0, 1]. Hence, we are under the assumptions of Theorem 3.1. So, we can also ensure that there exists a full measure subset of [0, t_0]∪[t_1, 1] for which the interpolation is divergent. On the other hand, it is clear that any rational number r inside [0, 1] appears in the triangular scheme, for all n bigger than some n_0(r). This implies that we have a dense subset of [0, t_0] ∪ [t_1, 1] for which the interpolation is convergent.

Note that if we define ν as a one to one map from N on Q (instead of Q ∩ [0, 1]), what we obtain is that the interpolation converges on a dense subset of R, while the support of the measure associated to the nodes is still uniform, with support on the interval [0, 1]. With this idea we can construct examples in which the polynomials are convergent on a dense subset of any subset of the domain of f, without changing the initial (uniform or not) distribution.

4 Proofs

To facilitate the reading, the proof has been divided in several parts.

4.1 A formula for the interpolation error

The next proposition gives an expression of the error of interpolation for meromorphic functions. This result extends a previous one contained in [Sim77].

Proposition 4.1 Suppose that f : U ⊂ C −→ C and {x_{n,j} }_{0≤j≤n,n≥0} satisfy the hypotheses of Theorem 3.1, and K is a proper interpolation set with respect to f, U and {x_{n,j}}_{0≤j≤n,n≥0}. Then, for all x ∈ K \ {α_k}^m_{k=1}, we have lim_{n→∞} [ R_n(x) − m∑ k=1 w_n(x) w_n(α_k)

Res (f, α_k) x − α_k ] = 0.

Proof: First of all, we choose a point x ∈ K \ {α_k}^m_{k=1} and define D = d(x, σ([0, 1])) > 0. Consider the map g_n(x, z) = f(z)w_n(x) (z − x)w_n(z) . Then, we claim that lim_{n→∞} ∫ σ g_n(x, z) dz = 0. (6) Indeed, it is easy to see that we only need to prove (6) when σ is a C^1 map (then, the piecewise C^1 case is straightforward): | | | ∫ σ g_n(x, z) dz | | | ≤ M D ∫_1 0 |w_n(x)| |w_n(σ(t))| |σ^′(t)| dt ≤ MN D ∫_1 0 |w_n(x)| |w_n(σ(t))| dt, where M = sup_σ |f(z)| and N = sup_{t∈[0,1]} |σ^′(t)|. As K is a proper interpolation set, (6) follows.

On the other hand, the map g_n(x, ·) has the only poles {α_k}^m_{k=1}, x and x_{n,j}, 0 ≤ j ≤ n. By the Residue Theorem: 1 2πi ∫ σ g_n(x, z) dz = ∑ j∈J Res (g_n(x, ·), α_j) + 1 2πi ∫ γ_n g_n(x, z) dz, (7) where j ∈ J iff α_j belongs to the interior of the closed curve σ and γ_n : [0, 1] −→ C is a closed C^1 curve such that a) γ_n([0, 1]) is contained in the interior of σ; b) x_{n,0}, . . . , x_{n,n} is contained in the interior of γ_n; c) f has no poles neither in γ_n([0, 1]) nor in the interior of γ_n; d) x belongs to the interior of γ_n (see Figure 1).

By computing all the residues, and taking into account the expression of the interpolating polynomial, we obtain: 1 2πi ∫ σ g_n(x, z) dz = − ∑ j∈J w_n(x) w_n(α_j )

Res (f, α_j) (x − α_j )

+ f(x) − P_n(x). (8)

Figure 1: A possible configuration for β, σ, x, γ_n, x_{n,0}, . . . , x_{n,n} (n = 3) and the poles α_j.

Finally, as K is a proper interpolation set, if α_j is a pole such that j /∈ J, we have lim_{n→∞} w_n(x) w_n(α_j )

= 0. (9)

If we make n tend to infinity in equation (8) and take into account (6) and (9), we easily find the formula for the interpolation error of the proposition.

Remark 4.1 The only place where we use the condition that the poles are simple is in Proposition 4.1, to derive formula (8) from formula (7). Similar formulas can be derived for poles of different multiplicities, and the results of this paper should follow in a similar way.

4.2 The asymptotic behaviour of w_n

Next propositions describe the behaviour of w_n(x) when n tends to infinity. Proposition 4.2 Let {x_{n,j}}_{n≥0,0≤j≤k(n)} be an interpolation scheme on a parametrised curve β : [0, 1] −→ C , having a distribution φ. Denote by μ the Borel measure associated to φ and by Γ the closure of the scheme. Then:

1. If x ∈ C \ Γ then: lim_{n→∞} ln |w_n(x)| k(n) + 1 = ∫_1 0 ln |x − β(t)| dμ. 2. If x ∈ Γ then:

(a) If

∫_1 0 ln |x − β(t)| dμ = −∞ : lim_{n→∞} ln |w_n(x)| k(n) + 1 = ∫_1 0 ln |x − β(t)| dμ = −∞.

(b) If

∫_1 0 ln |x − β(t)| dμ is finite:

lim sup n→∞ ln |w_n(x)| k(n) + 1 ≤ ∫_1 0 ln |x − β(t)| dμ. Proof:

1. We distinguish the cases x ∉ β([0, 1]) and x ∈ β([0, 1]) \ Γ. First, suppose that x ∉ β([0, 1]). We define, for all p ≥ 0 and 0 ≤ i ≤ 2^p, values s_{i,p} ∈ [0, 1] such that a) s_{i,p} < s_{j,p} if i < j, for all p ≥ 0. b) s_{0,p} < 1/2^{p−1} and 1 − s_{p,p} < 1/2^{p−1} for all p ≥ 1.

c) s_{i,p} is not a point of discontinuity of φ, for all p ≥ 0 and 0 ≤ i ≤ 2^p (we recall that the set of discontinuities of φ is countable).

d) For all p ≥ 1 and all 0 ≤ j ≤ 2^{p−1} there exists 0 ≤ i ≤ 2^p such that s_{i,p} = s_{j,p−1}. e) |s_{i,p} − s_{i+1,p}| ≤ 1/2^{p−1} for all p ≥ 1 and all 0 ≤ i ≤ 2^p.

If φ is continuous, we can simply take s_{i,p} = i/2^p. Otherwise, if some of the values s_{i,p} = i/2^p coincide with a discontinuity of φ, we can slightly modify these values to meet the conditions above.

Let us fix n. Then, for 1 ≤ i ≤ 2^p, #{j : t_{n,j} ∈ (s_{i−1,p}, s_{i,p}] , 0 ≤ j ≤ k(n)} = (k(n) + 1)(φ(s_{i,p}) − φ(s_{i−1,p})) + r_{i,p,n}, where r_{i,p,n}/(k(n) + 1) → 0 when n → ∞ (see Remark 1.1). Let us now define the values M_{i,p} = sup t∈[s_{i−1,p},s_{i,p}] ln |x − β(t)|, m_{i,p} = inf_{t∈[si−1,p,si,p]} ln |x − β(t)|, for 1 ≤ i ≤ 2^p. We easily see that:

ln |w_n(x)| = k(n)∑

j=0 ln |x − β(t_{n,j})| ≤ 2^p∑

i=1 M_{i,p}((k(n) + 1)(φ(s_{i,p}) − φ(s_{i−1,p})) + r_{i,p,n}) and ln |w_n(x)| ≥ 2^p∑

i=1 m_{i,p}((k(n) + 1)(φ(s_{i,p}) − φ(s_{i−1,p})) + r_{i,p,n}). Now, we define the functions F_p : [0, 1] −→ R and f_p : [0, 1] −→ R, such that:

F_p =

2^p∑

i=1 M_{i,p}χ_{(si,p,si+1,p]}, f_p = 2^p∑

i=1 m_{i,p}χ_{(si,p,si+1,p]}, where χ_E represents the characteristic function of a set E ⊂ [0, 1]. Therefore, taking lower and upper limits when n tends to infinity, we obtain:

∫_1 0 f_p dμ = 2^p∑

i=1 m_{i,p}(φ(s_{i,p}) − φ(s_{i−1,p})) ≤ lim inf_{n→∞} ln |w_n(x)| k(n) + 1

≤ lim sup n→∞ ln |w_n(x)| k(n) + 1 ≤ 2^p∑

i=1 M_{i,p}(φ(s_{i,p}) − φ(s_{i−1,p})) = ∫_1 0 F_p dμ.

As ln |x − β(t)| is a continuous map with respect to t, {F_p(t)}_{p∈N} and {f_p(t)}_{p∈N} converge to ln |x − β(t)| for all t ∈ [0, 1]. By the Lebesgue’s dominated convergence theorem, we obtain the desired result.

On the other hand, if x = β(t_0) /∈ Γ then there is an open interval I_0 such that t_0 ∈ I_0 and β(I_0) ∩ Γ = ∅. Then, using the same argument as before, replacing the interval [0, 1] by [0, 1] \ I_0, we finish the proof of item 1.

2. In this case, there exists t_0 ∈ [0, 1] such that x = β(t_0). We also distinguish two cases: i) If μ({t_0}) = 0 then we can proceed in the same way as before, but using only supremum and upper limit. We observe that {F_p(t)}_{p∈N} converges to ln |x − β(t)| for all t ≠ t_0. Let M = sup_{t∈[0,1]} ln |x − β(t)|. If G_p(t) = M − F_p(t) then 0 ≤ G_p ≤ G_{p+1} for all p ≥ 0 and {G_p(t)}_{p∈N} tends to M − ln |x − β(t)| for all t ∈ [0, 1] \ {t_0}. As μ({t_0}) = 0, by the Lebesgue’s Monotone Convergence Theorem we obtain that:

lim sup n→∞ ln |w_n(x)| k(n) + 1 ≤ ∫_1 0 ln |x − β(t)|dμ. This result does not depend on the integrability of ln |x − β(t)|, but if

∫_1 0 ln |x − β(t)|dμ = −∞, we have that the upper and lower limit are both equal to −∞. Hence, item 2 follows.

ii) If μ({t_0}) > 0, on one hand we have that ∫_1 0 ln |x − β(t)|dμ = −∞, and, on the other hand,

ln |w(β(t_0))| k(n) + 1 = 1 k(n) + 1 ∑ j∈S_{n,ϵ} ln |β(t_0) − β(t_{n,j})| + 1 k(n) + 1 ∑ j∈T_{n,ϵ} ln |β(t_0) − β(t_{n,j})|,

where T_{n,ε} = {j : 0 ≤ j ≤ k(n) and t_0 − ε < t_{n,j} ≤ t_0 + ε}, and S_{n,ε} = {0, 1, . . . , k(n)} \ T_{n,ε}. As φ is discontinuous at t_0, if ε > 0 is small enough, there exists a_0 > 0 such that lim_{n→∞} #T_{n,ε} k(n) + 1 ≥ a_0. Taking upper limits we obtain:

lim sup n→∞ 1 k(n) + 1 ∑ j∈T_{n,ε} ln |β(t_0) − β(t_{n,j})| ≤ lim sup_{n→∞} #T_{n,j} k(n) + 1 ln(Lε) ≤ a_0 ln(Lε), where L > 0 is a suitable constant that exists if ε is small enough. Moreover, there exists a constant M ∈ R such that:

lim sup n→∞ 1 k(n) + 1 ∑ j∈S_{n,ε} ln |β(t_0) − β(t_{n,j})| ≤ M. This means that lim sup n→∞ ln |w(β(t_0))| k(n) + 1

≤ M + a_0 ln(Lε),

for all ε > 0 small enough. This implies that lim_{n→∞} ln |w(β(t_0))| k(n) + 1 = −∞, which finishes the proof.

Now, we have an easy way to find proper interpolation sets.

Proposition 4.3 Let U ⊂ C be an open and simply connected set, f : U → C a meromorphic function with a finite number of poles that are simple and β : [0, 1] → C a parametrised curve such that β([0, 1]) ⊂ U. Let V be the level function associated to the interpolation scheme {x_{n,j}}_{0≤j≤n,n≥0} ⊂ β([0, 1]), and assume that there exists V_1 ∈ R such that the set C_{V1} = {z ∈ C : V (z) < V_1} satisfies C_{V1} ⊂ U. If K ⊂ U is a compact set satisfying

1.^∘K ≠ ∅. 2. {x_{n,j}}_{0≤j≤n,n≥0} ⊂ K. 3. K is contained in a connected component of the set C_{V1} .

Then, C_{V1} is simply connected and K is a proper interpolation set.

Proof: As Γ ⊂ K ⊂ C_{V1} , Lemma A.2 implies that C_{V1} is simply connected. Let V_2 be a real value such that V_1 < V_2 and C_{V2} ⊂ U. Lemma A.2 implies the existence of a closed and simple curve σ : [0, 1] → C such that: a) for all t ∈ [0, 1], V_1 < V (σ(t)) < V_2; and b) C_{V1} is contained in the interior of σ (therefore, K is also contained in the interior of σ). We note that this curve can be selected so that it does not contain any pole of f (we recall that the number of singularities of f is finite). Now we can check that the requirements of Definition 2.3 are fulfilled. It is clear that the only points that need to be verified are the two limits in items 3 and 4.

Hence, we take x ∈ K and z ∈ σ([0, 1]), and define a_n(z) = |w_n(x)|^{1/n}/|w_n(z)|^{1/n} and V_σ = min_{t∈[0,1]} V (σ(t)). Taking logarithms, we can apply Proposition 4.2 to obtain

lim sup n→∞ a_n(z) ≤ exp(V_σ − V_1) < 1,

and this implies the limit in item 3 of Definition 2.3. The limit in item 4 can be proved in a similar way.

The next proposition, jointly with Proposition 4.5, extends Lemma 3.4 in [LS94] to more general interpolating schemes.

Proposition 4.4 Let {x_{n,j}}_{n≥0,0≤j≤k(n)} be an interpolation scheme on a parametrised curve β : [0, 1] −→ C . Denote by μ the Borel measure associated to the interpolation scheme. Suppose that t_0 ∈ [0, 1] satisfies that there exist c_0 > 0, τ > 2 and an infinite set N(t_0) ⊂ N such that |β(t_{n,j}) − β(t_0)| ≥ c_0 k(n)^τ , (10)

for all n ∈ N(t_0) and all 0 ≤ j ≤ k(n). Then, if {x_{n,j} }_{n≥0,0≤j≤k(n)} has regular nodes at t_0, we have lim n → ∞ n ∈ N(t_0)

ln |w_n(β(t_0))|

k(n) + 1 = ∫_1 0 ln |β(t_0) − β(t)|dμ,

where w_n(x) = k(n)∏

j=0 (x − x_{n,j}).

Proof: Note that, re-numbering the elements of N(t_0) and suppressing the rows of the interpolating scheme whose index does not belong to N(t_0), the problem is reduced to the case N(t_0) = N. Hence, we will only focus on this case. Moreover, we define x = β(t_0) and f(t) = ln |x − β(t)|, t ∈ [0, 1]. We can also assume that f is integrable and that β(t_0) ∈ Γ (if it is not, then we can apply Proposition 4.2 and obtain the desired result).

From (10), it is clear that, for all n ≥ 0 and 0 ≤ j ≤ k(n), t_0 is different from t_{n,j}. Let j_0 = j_0(n) denote the maximum index j for which t_{n,j} < t_0. If t_{n,j} > t_0 for all 0 ≤ j ≤ n we define j_0 = −1. Let δ_S be the value of δ that appears in Definition 2.2. Now, we select δ > 0 such that the following conditions are met:

1. φ is continuous on [t_0 − δ, t_0 + δ] ∩ [0, 1];

2. δ ≤ δ_S ;

3. f(t) < 0 if t ∈ [t_0 − δ, t_0 + δ] ∩ [0, 1] and is strictly decreasing if t ∈ (t_0 − δ, t_0) ∩ [0, 1] and strictly increasing if t ∈ (t_0, t_0 + δ) ∩ [0, 1].

Note that item 3 follows from the fact that the map t → |β(t_0) − β(t)| has an isolated minimum at t = t_0 (we recall that β is a regular parametrisation).

Let us define the functions f_n as

f_n(t) = f(t)χ_{[0,t0−δ]}(t) + f(t)χ_{[t0+δ,1]}(t) + j_0−1∑

j=p(n) f(t_{n,j})χ_{[tn,j ,tn,j+1)}(t) + q(n)∑

j=j_0+2 f(t_{n,j})χ_{(tn,j−1 ,tn,j ]}(t),

where p(n) is the minimum index j such that t_{n,j} ∈ [t_0 − δ, t_0 + δ], q(n) is the maximum value of j such that t_{n,j} ∈ [t_0 − δ, t_0 + δ], and that the terms f(t)χ_{[0,t0−δ]}(t) and f(t)χ_{[t0+δ,1]}(t) vanish if t_0 − δ < 0 and t_0 + δ > 1, respectively.

Lemma 4.1 The functions f_n satisfy

1. f_n is majorised by a μ-integrable function F, that is |f_n| ≤ F, for all n ≥ 0.

2. The sequence {f_n(t)}_{n≥0} tends to f(t) for almost all t ∈ [0, 1], with respect to the measure μ.

Proof: Let us start by the case t_0 /∈ {0, 1}. Note that f(t) < 0 if t ∈ [t_0 − δ, t_0 + δ], and that f(t) is strictly decreasing if t_0 − δ < t < t_0 and strictly increasing if t_0 < t < t_0 + δ. This implies that |f_n(t)| ≤ |f(t)| for all t ∈ [0, 1]. Therefore, as we are assuming that f is integrable on [0, 1], we can take F (t) = |f(t)| and this proves the first item of the lemma.

To prove the second item, let us define T_δ ⊂ [t_0 − δ, t_0 + δ] as the set of values t ∈ [t_0 − δ, t_0 + δ] \ {t_0} for which there exists n_t ∈ N such that

a) for all n ≥ n_t there exists j(n) with t_{n,j(n)} < t < t_{n,j(n)+1},

b) lim_{n→∞} t_{n,j(n)} = lim_{n→∞} t_{n,j(n)+1} = t.

It is clear that f_n(t) tends to f(t) if t ∈ [0, 1] \ [t_0 − δ, t_0 + δ]. We will finish the proof by showing that {f_n(t)}_{n≥0} tends to f(t) for t ∈ T_δ, and that μ(T_δ) = μ([t_0 − δ, t_0 + δ]).

So, let us select a fixed value t ∈ T_δ. As t ≠ t_0, there exists n_1 ≥ n_t such that t_0 ∉ (t_{n,j(n)}, t_{n,j(n)+1}). Therefore, if n ≥ n_1, we have that j(n) ≠ j_0. Now we distinguish two cases: j(n) < j_0 or j(n) > j_0. For the first case we have: f_n(t) = ln |x − β(t_{n,j(n)})| = f(t_{n,j(n)}), and, for the second one, f_n(t) = ln |x − β(t_{n,j(n)+1})| = f(t_{n,j(n)+1}). As f is continuous at t, we conclude that f_n(t) → f(t).

To see that μ(T_δ) = μ([t_0 − δ, t_0 + δ]), let us define A ⊂ (t_0 − δ, t_0 + δ) as the set of values t for which φ(t) is locally constant. Clearly, A is an open set and, hence, there exist disjoint open intervals I_m, m ∈ N, such that A = ∪_mI_m and φ is constant on each I_m. Then, as μ(I_m) = μ(I_m) = 0 (this follows from the continuity of φ on [t_0 − δ, t_0 + δ]), we have that μ(∪_mI_m) = 0. Let us define the set B as

B = (t_0 − δ, t_0 + δ) \ [( ⋃ n,j {t_{n,j}} ) ⋃ ( ⋃ m I_m ) ⋃ {t_0} ]

As μ(B) = μ([t_0 − δ, t_0 + δ]), we will finish the proof by showing that B ⊂ T_δ. Hence, let us select a value t ∈ B. We will proceed by steps.

i) φ is strictly increasing at t: if it is not, it means that there exists t_1 ≠ t such that φ(t_1) = φ(t). This implies that the closed interval with endpoints t_1 and t has zero measure, so it is contained in one of the I_m defined above. Therefore, t /∈ B.

ii) There exists n_t such that, for each n ≥ n_t, there is a value j(n) satisfying t_{n,j(n)} < t < t_{n,j(n)+1}: Note that, for all t_1 and t_2 in [t_0 − δ, t_0 + δ] such that t_1 < t < t_2, we have that μ([t_1, t]) and μ([t, t_2]) are both strictly positive. This implies that both intervals [t_1, t] and [t, t_2] must contain, from some n = n_t on, several values t_{n,j}.

iii) lim_{n→∞} t_{n,j(n)} = lim_{n→∞} t_{n,j(n)+1} = t: Apply the last paragraph for a sequence of values t_1 and t_2 converging to t.

Finally, note that the proof for the case t_0 ∈ {0, 1} can be obtained with minor modifications of the previous proof.

Following with the proof of the proposition, we have that: ∫_{t0+δ} t_0−δ f_n dμ = j_0−1∑

j=p(n) f(t_{n,j})μ([t_{n,j}, t_{n,j+1}]) + q(n)∑

j=j_0+2 f(t_{n,j})μ([t_{n,j−1}, t_{n,j}])

= j_0−1∑

j=p(n) 1 k(n) f(t_{n,j}) + q(n)∑

j=j_0+2 1 k(n) f(t_{n,j}) + j_0−1∑

j=p(n) a_{n,j} k(n) f(t_{n,j}) + q(n)∑

j=j_0+2 a_{n,j−1} k(n) f(t_{n,j}),

where the values a_{n,j} are defined in (2). Let us now define

w^{(δ)}_n (x) = q(n)∏

j=p(n) (x − x_{n,j}),

that is, the “part” of w_n corresponding to [t_0 − δ, t_0 + δ]. Therefore, ln |w^{(δ)}n (x)| k(n) = S_1 + S_2 − S_3,

where: S_1 = ∫_{t0+δ} t_0−δ f_n dμ, S_2 = 1 k(n) (f(t_{n,j0} ) + f(t_{n,j0+1})), and S_3 = j_0−1∑

j=p(n) a_{n,j} k(n) f(t_{n,j}) + q(n)∑

j=j_0+2 a_{n,j−1} k(n) f(t_{n,j}). Now we will study the limit of S_1, S_2 and S_3 when n tends to infinity. By the hypotheses of the proposition, |β(t_0) − β(t_{n,j})| ≥ c_0/k(n)^τ for n ≥ 0 and 0 ≤ j ≤ k(n). Then, as f is negative on [t_0 − δ, t_0 + δ] ∩ [0, 1], we have that

ln c_0 − τ ln k(n) k(n) ≤ f(t_{n,j0} ) k(n) ≤ 0, and ln c_0 − τ ln k(n) k(n) ≤ f(t_{n,j0+1}) k(n) ≤ 0. Hence, lim_{n→∞} S_2 = 0.

Using Lemma 4.1 and Lebesgue’s Dominated Convergence Theorem we obtain

lim_{n→∞} S_1 = ∫_{t0 +δ} t_0−δ f dμ. Next, we define s_{n,j} = j∑ ℓ=p(n) a_{n,ℓ} k(n) , p(n) ≤ j ≤ j_0 − 1, ŝ_{n,j} = q(n)−1∑

ℓ=j a_{n,ℓ} k(n) , j_0 + 1 ≤ j ≤ q(n) − 1.

Now, using Abel’s summation formula, we can write j_0−1∑

j=p(n) a_{n,j} k(n) f(t_{n,j}) = j_0−2∑

j=p(n) s_{n,j}(f(t_{n,j}) − f(t_{n,j+1})) + s_{n,j0−1}f(t_{n,j0−1}), q(n)∑

j=j_0+2 a_{n,j−1} k(n) f(t_{n,j}) = q(n)−1∑

j=j_0+2 ŝ_{n,j}(f(t_{n,j+1}) − f(t_{n,j})) + ŝ_{n,j0+1}f(t_{n,j0+2}). Then, using that f is decreasing on [t_0 − δ, t_0), increasing on (t_0, t_0 + δ], and negative on both intervals, we have |S_3| ≤ j_0−2∑

j=p(n) |s_{n,j}|(f(t_{n,j}) − f(t_{n,j+1})) + |s_{n,j0−1}||f(t_{n,j0−1})|

+ q(n)−1∑

j=j_0+2 |ŝ_{n,j}|(f(t_{n,j+1}) − f(t_{n,j})) + |ŝ_{n,j0+1}||f(t_{n,j0+2})|. As the nodes t_{n,j} are regular at t_0 (see Definition 2.2), there exist values b_n → 0 such that |s_{n,j}| ≤ b_n ln(k(n)) , p(n) ≤ j ≤ j_0 − 1, |ŝ_{n,j}| ≤ b_n ln(k(n))

, j_0 + 1 ≤ j ≤ q(n) − 1.

Therefore, we can bound |S_3| as |S_3| ≤ b_n ln(k(n)) [ f(t_{n,p(n)}) − 2f(t_{n,j0−1}) + f(t_{n,q(n)}) − 2f(t_{n,j0+2}) ]

≤ 6 b_n ln(k(n))

|ln(c_0) − τ ln(k(n))| ,

Hence, lim_{n→∞} S_3 = 0.

With all this we have proved that, if x = β(t_0), lim_{n→∞} ln |w^{(δ)}n (x)| k(n) + 1 = ∫_{t0+δ} t_0−δ f dμ.

To finish the proof, we will show a similar identity on the set D_δ = [0, 1]\[t_0 −δ, t_0 +δ]. Note that we can assume that δ is small enough such that μ(D_δ) > 0 (this follows from the continuity of φ at t_0). For each n, let us define J_n as the set of indices j such that t_{n,j} ∈ D_δ (in other words, J_n = {0, . . . , p(n) − 1, q(n) + 1, . . . , k(n)}). Then, it is not difficult to check that lim_{n→∞} #J_n k(n) + 1

= μ(D_δ). (11)

Let us now consider the subscheme {x_{n,j}}_{n≥0,j∈Jn} , and let φ̂ and μ̂ be the corresponding distribution and Borel measure. We note that

μ̂(I) = 1 μ(D_δ) μ(I) if I ⊂ D_δ, μ̂(I) = 0 if I ⊂ [t_0 − δ, t_0 + δ].

(12)

As t_0 does not belong to the closure of the subscheme, we can apply Proposition 4.2 to obtain lim_{n→∞} ∑ j∈J_n f(t_{n,j}) #J_n = ∫_1 0 f(t) dμ̂. Now, taking into account equations (11) and (12), we can derive lim_{n→∞} ∑ j∈J_n f(t_{n,j}) k(n) + 1 = ∫ D_δ f dμ. This finishes the proof of the Proposition.

4.3 Estimates on measures and dimensions

Let {x_{n,j} }_{n≥0,0≤j≤n} be a triangular scheme on a piecewise C^1 curve β : [0, 1] → C . In what follows, c > 0 and τ > 2 will denote real numbers, and n_0 ≥ 1 will be a natural number. We define the following sets: D(c, τ, n_0) = { t ∈ [0, 1] / ∀n ≥ n_0, ∀ j ∈ {0, . . . , n} : |β(t) − β(t_{n,j})| ≥ c n^τ } , and D = ⋃ c>0 ⋃ τ >2 ⋃ n_0≥1 D(c, τ, n_0). Proposition 4.5 The above-defined set D ⊂ [0, 1] has Lebesgue measure equal to 1. The set [0, 1] \ D has Hausdorff dimension equal to 0.

Proof: As D(c, τ, n_0) ⊂ [0, 1], but the condition used to define this set is stated on β([0, 1]) ⊂ C , we need to “translate” it to the parameter space [0, 1]. Hence, we define the sets B(c, τ, n_0) = { t ∈ [0, 1] / ∀n ≥ n_0, ∀ j ∈ {0, . . . , n} : |t − t_{n,j}| ≥ c n^τ } , and B = ⋃ c>0 ⋃ τ >2 ⋃ n_0≥1 B(c, τ, n_0). We choose 0 = d_0 < d_1 < · · · < d_{s−1} < d_s = 1 such that, for any interval [d_r, d_{r+1}], we have

a) either Re d dt β(t) ≠ 0 or Im d dt β(t) ≠ 0 for all t ∈ [d_r, d_{r+1}];

b) β is C^1 on [d_r, d_{r+1}].

We will use a couple of lemmas.

Lemma 4.2 B \ {d_0, . . . , d_s} ⊂ D.

Proof: We define I_r = (d_r, d_{r+1}). Given t_0 ∈ B \ {d_0, . . . , d_s} there exists an index r such that t_0 ∈ I_r. We will focus on the case Re^d_{dt} β(t) ≠ 0 for all t ∈ I_r (the case Im^d_{dt} β(t) ≠ 0 is similar). Then there exist n_1 ≥ 1, c_1 > 0 and τ > 2 such that, for all n ≥ n_1 and all 0 ≤ j ≤ n, we have |t − t_{n,j} | ≥ c_1 n^τ , As inf_{t∈Ik} |Re d dt β(t)| = c_2 > 0 (the parametrization β is regular), by the mean value theorem we obtain |β(t_0) − β(t_{n,j})| ≥ |Re β(t_0) − Re β(t_{n,j})| ≥ c_2|t_0 − t_{n,j}| ≥ c_1c_2 n^τ , for all t_{n,j} ∈ I_r. On the other hand, there exists a constant c_3 > 0 such that for all t ∉ I_r, |β(t_0) − β(t)| > c_3. Then we can select n_0 such that^{c1c2}_{nτ} < c_3, for all n ≥ n_0. If we define c_0 = c_1c_2, we have |β(t_0) − β(t_{n,j})| ≥ c_0 n^τ , for all n ≥ n_0 and 0 ≤ j ≤ n. This finishes the proof of the lemma.

Lemma 4.3 The set [0, 1] \ B has Hausdorff dimension equal to 0. The set B ⊂ [0, 1] has Lebesgue measure equal to 1.

Proof: Let us define the sets I_{n0,τ,c,n,j} = { t ∈ [0, 1] / |t − t_{n,j}| < c n^τ } , I_{n0,τ,c} = ⋃ n≥n_0 n⋃ j=0 I_{n0,τ,c,n,j}, B_0 = ⋂ c>0 ⋂ τ >2 ⋂ n_0≥1 I_{n0,τ,c}. Note that, with these definitions, B_0 = [0, 1] \ B.

We recall ([Fal90]) that the s-dimensional Hausdorff measure of B_0, H^s(B_0), is defined as H^s(B_0) = lim_{δ→0} H^s_δ(B_0),

being

H^s_δ(B_0) = inf { ∑ i diam(U_i)^s such that {U_i}_i is a δ-cover of B_0 } , where a δ-cover is a cover by a finite or countable number of sets of diameter not bigger than δ. The Hausdorff dimension of B_0, dim_H(B_0), is then defined as

dim_H(B_0) = inf{s ≥ 0 : H^s(F ) = 0} = sup{s ≥ 0 : H^s(F ) = ∞}.

The idea is to show that the Hausdorff measure of B_0, is zero for all s > 0. This will prove that the Hausdorff dimension of B_0 is 0.

Let us select s ∈ (0, 1). Note that {I_{n0,τ,c,n,j}}_{n≥n0,0≤j≤n} is a cover of B_0, for all n_0 ≥ 1, τ > 2 and c > 0. Now we select a value δ ∈ (0, 1). As diam(I_{n0,τ,c,n,j}) = 2c n^τ , if we take c = δ/2 we have that {I_{n0,τ,c,n,j}}_{n≥n0,0≤j≤n} is a δ-cover of B_0 for all n_0 ≥ 1 and τ > 2. Hence,

H^s_δ(B_0) ≤ ∑ n≥n_0 n∑ j=0 diam(I_{n0,τ,c,n,j})^s = ∑ n≥n_0 (n + 1) δ^s n^{sτ} .

Now, selecting τ = 3/s (note that τ > 2) we have

H^s_δ(B_0) ≤ δ^s ∑ n≥n_0 n + 1 n^3 ≤ Mδ^s,

where M > 0 does not depend on n_0. This implies that H^s(B_0) = 0 (in fact, this also shows that H^s_δ(B_0) = 0, see [Fal90]) and, hence, that the Hausdorff dimension of B_0 is zero. In particular, this implies that the Lebesgue measure of B_0 is also zero and, therefore, that B has total measure on [0, 1].

The proof of the proposition is now an immediate consequence of these two lemmas.

Remark 4.2 Note that, by Proposition 4.4, if t_0 ∈ D and the scheme has regular nodes at β(t_0) then lim_{n→∞} ln |w_n(β(t_0))| n + 1 = ∫_1 0 ln |β(t_0) − β(t)| dμ.

4.4 Proof of Theorem 3.1

We will proceed item by item.

1.- By Proposition 4.1, to have convergence of the polynomial interpolation in a point x ∈ K it is enough that lim sup n→∞ ln |w_n(x)| n + 1

< V (α_0).

Moreover, by Proposition 4.2, this inequality is true if V (x) < V (α_0). It is clear that, in the case x ∈^∘K, this convergence is locally uniform. 2.- This is an immediate consequence of Propositions 4.1 and 4.2.

3.- We select a value y in the relative interior of Γ_{out} in β([0, 1]), and let A_y be a closed interval such that: a) A_y is a neighbourhood of y; and b) A_y is contained in the relative interior of Γ_{out}. Let us define I_{n0} as

I_{n0} = ⋃ n≥n_0 n⋃ j=0 {x ∈ A_y / |x − x_{n,j}| < ψ(n)} . where ψ(n) is a strictly positive function –to be selected later on– that goes to zero when n goes to infinity. Moreover, let us define I = ⋂ n_0>0 I_{n0} . As I_{n0} are open and dense sets (with respect to the induced topology in the closed set A_y), and I_{n0+1} ⊂ I_{n0} , we have that I is an uncountable dense subset of A_y.

Now, we select x ∈ I and we will show that there exists a partial of {P_n(x)}_n convergent to f(x). From Proposition 4.1, it is enough to show that, for any x ∈ I ⊂ Γ, the sequence

r_n = m∑ k=1 w_n(x) w_n(α_k)

Res (f, α_k) x − α_k has a subsequence convergent to zero. We define positive numbers M_{1,2,3} such that max 1≤k≤m | | | Res(f, α_k) x − α_k | | | ≤ M^1, sup_{n,j} |x − x^{n,j} | ≤ M^2, inf_{n,j,k} |α^k − x^{n,j}| ≥ M^3 > 0. Let j_0 = j_0(n) be such that |x − x_{n,j0} | = min_{0≤j≤n} |x − x_{n,j}|. As x ∈ I we have that, for all n_0 > 0, there exist n ≥ n_0 such that |x − x_{n,j0} | < ψ(n). Then:

|r_n| ≤ mM_1M^n_2 M^{n+1}_3 |x − x_{n,j0} | ≤ M_4M^n_5 ψ(n),

where M_4 = mM_1M_3 and M_5 = M_2M_3. Now, let us select the function ψ in such a way that M^n_5 ψ(n) goes to zero when n goes to infinity (for instance, it is enough to take ψ(n) = 1/n!). So far, we have proved that for all n_0, there exist values n ≥ n_0 such that |r_n| ≤ M_4M^n_5 ψ(n). Hence, there exists a subsequence of {r_n}_n that is convergent to zero.

Now, as I ⊂ A_y ⊂ Γ_{out}, we have that I ⊂ Γ^{sub}_{out} . This implies that Γ^{sub}_{out} is uncountable, and that y ∈ Γ^{sub}_{out} . This finishes the proof of this item.

4.- As the triangular scheme {x_{n,j}}_{0≤j≤n,n≥0} has regular nodes on the set Γ_{out}, we can apply Propositions 4.4 and 4.5 (see also Remark 4.2) to derive the existence of a total Lebesgue measure set D ⊂ [0, 1] such that, if x ∈ β(D), lim_{n→∞} ln |w_n(x)| n + 1 = ∫_1 0 ln |x − β(t)| dμ. Finally, as V (x) > V (α_0), the divergence (to infinity) of the sequence R_n(x) follows.

As the Hausdorff dimension of β^{−1}(Γ^{sub}_{out} ) is zero (see Proposition 4.5), the bi-Lipschitz character of β implies that the Hausdorff dimension of Γ^{sub}_{out} is also zero ([Fal90]).

4.5 Proof of Theorem 3.2

It is clear that {t_{n,j}}_{0≤j≤n,n≥1} is uniformly distributed with regular nodes. Next lemma shows an interesting property of this triangular scheme.

Lemma 4.4 Let t ∈ (0, 1), and let us define the set N^0_t ⊂ N as

N^0_t = { n ∈ N such that |t_{n,j} − t| > c n^τ , ∀ j ∈ {1, . . . , n − 1} }

Then, if c ≤^1_2 and τ ≥ 3, N_t has infinite elements.

Proof: For simplicity, we select the values c =^1_2 and τ = 3 (note that if the result holds for these values, it then holds for any c ≤^1_2 and τ ≥ 3).

The statement of the lemma follows immediately from the fact that, if n /∈ N^0_t , then n+1 ∈ N^0_t . Hence, we assume that n /∈ N^0_t so there exists a natural number ℓ (0 < ℓ < n) such that |t_{n,ℓ} − t| ≤ c n^τ , (13)

Then, for any 0 < j < n + 1, | | | j n + 1 − t | | | ≥ | | | | | | j n + 1 − ℓ n | | | − | | | ℓ n − t | | | | | | . (14) Moreover, | | | | j n + 1 − ℓ n | | | | = 1 n(n + 1) |jn − ℓ(n + 1)| , and using that, for all n, ℓ and j such that 0 < ℓ < n and 0 < j < n + 1 we have jn ≠ ℓ(n + 1), it follows that | | | j n + 1 − ℓ n | | | ≥ 1 n(n + 1) ≥ c n^2 .

Now, putting this lower bound in (14) and using (13), we obtain | | | j n + 1 − t | | | ≥ c n^2 − c n^3 ≥ c (n + 1)^3 , if n ≥ 2. This shows that n + 1 ∈ N^0_t .

Remark 4.3 The values for c and τ used in this lemma are not optimal.

For technical reasons, in the last lemma we have excluded the values j = 0 and j = n in the definition of the set N^0_t . So, we define

N_t = { n ∈ N such that |t_{n,j} − t| > c n^τ , ∀ j ∈ {0, . . . , n} } . Corollary 4.1 N_t ⊂ N^0_t is an infinite set. Proof: If m ∈ N^0_t \ N_t, we must have either |t| ≤ c m^τ or |1 − t| ≤ c m^τ , and it is clear that there is only a finite set of values m satisfying this condition. Therefore, N^0_t \ N_t must be finite and then N_t must be infinite.

Remark 4.4 These results are valid, in particular, for any t ∈ Q ∩ (0, 1) = ⋃ n≥0 n−1⋃ j=1 {t_{n,j}}. Let us now start with the proof of the theorem. As item 1 is a well known result (see, for instance, [War76]) and item 3 follows from Theorem 3.1 (in this case, Γ_{out} is relatively open in [0, 1]), we only focus on the proof of item 2.

From Proposition 4.4 and Corollary 4.1, it follows that, for all t ∈ (0, 1), lim n → ∞ n ∈ N_t ln |w_n(t)| n + 1 = ∫_1 0 ln |t − s| ds.

We define now K = C_{max}. To apply Proposition 4.3, we select V_1 such that C_{max} ⊂ C_{V1} and f is still defined on a neighbourhood of the closure of C_{V1} . It turns out that K is a proper interpolation set with respect to f and C_{V1} .

Hence, if R_n(t) denotes the interpolating error at t, and t ∈ Γ_{out}, using Proposition 4.1 and that V (t) > V (i), we have lim n → ∞ n ∈ N_t R_n(t) = ∞. This is, the sequence of interpolating polynomials {P_n(t)}_{n∈N} has a subsequence that diverges to infinity.

Remark 4.5 As a side point, note that, if t ∈ Q ∩ [0, 1], there exists a subsequence of {P_n(t)}_{n∈N} that converges to the value f(t). This subsequence can be easily obtained as follows: if t =^k_m , then we take the values n that are multiple of m. In this way, the point t is always contained in the interpolating nodes. This shows that the sequence {P_n(t)}_{n∈N} can also have convergent subsequences.

Acknowledgements

We are indebted to J. Ortega-Cerdà for his comments on a previous version of this manuscript that lead to an improvement of the results. We also want to thank the comments of C. Simó on a previous version of this text, the assistance of M. Guillén and S. Romano in the translation of [Run01] and the remarks of G. Wanner on Runge’s work. This research has been supported by the CICYT grants BFM2000–0623 and BFM2000–0805, and the CIRIT grant 2000SGR–00027.

A Technical lemmas

Here we have included some technical lemmas used along the proofs. We keep the same notation as in the paper, that is, β : [0, 1] → C is a piecewise C^1 curve, {x_{n,j}}_{0≤j≤n,n≥0} ⊂ β([0, 1]) is a triangular scheme with closure Γ, distribution φ, and associated Borel measure μ. V will be the corresponding logarithmic potential (1).

Lemma A.1 Let V_1 be a real number, and let A ≠ ∅ be one of the connected components of {z ∈ C : V (z) < V_1}. Then, μ(β^{−1}(A ∩ Γ)) > 0.

Proof: Assume that μ(β^{−1}(A ∩ Γ)) = 0. If A ∩ Γ = ∅ then, as there are no singularities of (1) inside A, V is harmonic on A. As V takes the constant value V_1 on the boundary of the bounded set A, by the maximum principle, V must take the constant value V_1 on A. As the points x ∈ A satisfy V (z) < V_1 this forces A = ∅, which is absurd.

Suppose now that there exists x ∈ A ∩ Γ. Then, there exists a connected open neighbourhood B(x) of x such that B(x) ⊂ A and that there exists t_1 and t_2 inside [0, 1] (t_1 < t_2) such that β([t_1, t_2]) ⊂ B(x) ∩ Γ. As μ([t_1, t_2]) = 0, (1) can be written as

V (x) = ∫_{t1} 0 ln |x − β(t)| dμ + ∫_1

t_2 ln |x − β(t)| dμ. Therefore, V is harmonic on B(x). As in the previous case, it can be seen that B(x) = ∅, which is again absurd. Hence, μ(β^{−1}(A ∩ Γ)) > 0.

Lemma A.2 Let V_0 be a real number such that Γ is contained in a connected component of C_{V0} = {z ∈ C : V (z) < V_0}. Then,

a) the set C_{V0} is simply connected, b) for all V_1 > V_0, the set C_{V1} is simply connected, c) for all V_1 > V_0, there exists a piecewise C^1, closed and simple curve σ : [0, 1] → C such that C_{V0} is contained in the interior of σ and V_0 < V (σ(t)) < V_1, ∀ t ∈ [0, 1].

Proof: By Lemma A.1, any connected component of C_{V0} intersects Γ. As Γ is contained in one of these connected components, there is a unique connected component for C_{V0} . This proves that C_{V0} is connected. Let us select a value V_1 > V_0. As C_{V0} ⊂ C_{V1} and Γ is contained in a connected component of C_{V0} , we have that Γ is contained in a connected component of C_{V1} . Then, as C_{V0} is connected, C_{V1} is connected.

For each (bounded) set C_{Vj} , j = 1, 2, we denote by A_j the (only) unbounded connected component of C \C_{Vj} , and we define B_j = C \A_j . Therefore, B_j, j = 1, 2 are open subsets of C such that

i) Γ ⊂ B_j, j = 1, 2.

ii) C_{Vj} ⊂ B_j , j = 1, 2.

iii) ∂ B_j ⊂ ∂ C_{Vj} , j = 1, 2.

Using Theorem 2.2 (p. 202) of [Con78] we obtain that B_j is simply connected. Using the Maximum Principle for subharmonic functions ([Ran95]), we have that the maximum values of V (z), z ∈ B_j , are attained on the boundary of B_j . Now, using iii) above and that V (z) is not constant (this follows immediately from its asymptotic behaviour when z → ∞, see [Ran95]), we obtain that V (z) < V_j for any z ∈ B_j. This shows that B_j ⊂ C_{Vj} and, from i), that B_j = C_{Vj} . Hence, a) and b) are proved.

From the Riemann Mapping Theorem, there exists a one-to-one analytic function h : C_{V1} → C such that h(C_{V1} ) = D, where D denotes the open unit disc of C . From the definition of the sets C_{Vj} and the continuity of V (z) for z /∈ Γ, we have that C_{V0} ⊂ C_{V1} . Then, as h(C_{V0} ) = h(C_{V0} ) ⊂ h(C_{V1} ) = D, there exists a circle α : [0, 1] → D enclosing h(C_{V0} ). Therefore, the curve σ = h^{−1} ∘ α : [0, 1] → C_{V1} satisfies item c).

References

[Con78] J.B. Conway. Functions of one complex variable. Springer-Verlag, New York, second edition, 1978.

[Dav75] P.J. Davis. Interpolation and approximation. Dover, New York, 1975.

[Die68] J. Dieudonné. Calcul infinitésimal. Hermann, Paris, 1968.

[Fal90] K. Falconer. Fractal geometry. John Wiley & Sons Ltd., Chichester, 1990.

[IK66] E. Isaacson and H.B. Keller. Analysis of numerical methods. John Wiley & Sons Inc., New York, 1966.

[LS94] X. Li and E.B. Saff. Local convergence of Lagrange interpolation associated with equidistant nodes. J. Approx. Theory, 78:213–225, 1994.

[Mon10] P. Montel. Leçons sur les séries de polynomes a une variable complexe. Gauthier- Villars, Paris, 1910.

[Ran95] T. Ransford. Potential theory in the complex plane. London Mathematical Society Student Text, 28. Cambridge University Press, Cambridge, U.K., 1995.

[Roy88] H.L. Royden. Real Analysis. Macmillan Publishing Company, New York, third edition, 1988.

[Run01] C. Runge. Über empirische Funktionen und die Interpolation zwischen äquidistanten Ordinaten. Zeitschrift für Mathematik und Physik, 46:224–243, 1901.

[Sim77] C. Simó. Sobre la convergencia de la sucesión de polinomios de interpolación de Lagrange para funciones holomorfas. In Actas de las IV Jornadas Matemáticas Luso-Españolas, pages 253–266, 1977. (In spanish).

[Ste50] J.F. Steffensen. Interpolation. Chelsea Publishing Co., New York, 1950. 2d ed.

[Wal35] J.L. Walsh. Interpolation and approximation by rational functions in the complex domain. American Mathematical Society, 1935. American Mathematical Society Colloquium Publications, Vol. XX.

[War76] D.D. Warner. An extension of Saff’s Theorem on the convergence of interpolating rational functions. J. Approx. Theory, 18:108–118, 1976.