KAM Theory Without Action-Angle Coordinates

A. Jorba^1 A. González^1 R. de la Llave^2 J. Villanueva^3

Abstract

The classical KAM methods, strongly supported on the use of canonical transformations in the action-angle context, are not efficient to be applied to a wide range of systems in which the Hamiltonian is known (for instance) written in Cartesian coordinates.

In this communication we present some ideas to deal with KAM theory using “parameterizations” instead of “transformations” and “graphs”, which we think is an efficient way to work with a more general class of Hamiltonian systems than the classical methods (in particular, for systems motivated by real world problems). With the present approach, we can extend several well-known results of KAM theory to these systems, even when the classical statements are difficult to be applied.

Introduction

One of the main problems of the dynamics^1 is the study of close-to-integrable Hamiltonian systems written in the so-called action-angle variables, that is: H(I, ϕ) = H_0(I) + εH_1(I, ϕ), I ∈ U ⊂ R^n , ϕ ∈ T^n, where ε is a small parameter, see [3]. For ε = 0 the dynamics of this system is quite simple: the actions I are constant along the trajectories (first integrals of the system), and so, the phase space is foliated by n-dimensional tori, invariant by the flow. On any of these tori, I = I^0, the motion is quasi-periodic, with vector of basic frequencies ω(I^0) = ∇H_0(I^0).

The study of the persistence of these tori for ε ≠ 0 is one of the main objectives of the so-called KAM theory (Kolmogorov-Arnol’d-Moser, see [3] for a survey). If we restrict to the real analytic context, what it is proved is that if certain generic non-degeneracy condition is fulfilled, then “the majority” of the invariant tori of the un-perturbed system still exist for ε ≠ 0 small enough. They are slightly deformed, but the motion inside is also analytically conjugated to a linear flow on the torus. More concretely, we have to ask for

det D^2H_0(I) ≠ 0, I ∈ U,

1According to Poincaré, [15], this is the main problem of the dynamics.

which means non-degeneracy of the frequency map ω(I)^2. Then, given any frequency vector ω^0 = ∇H_0(I^0), I^0 ∈ U, for which the following Diophantine condition holds (non-resonance condition on the frequency), |⟨k, ω^0⟩| ≥ γ |k|^τ_1 , k ∈ Z^n \ {0}, (1) for certain γ > 0 and τ ≥ n − 1, where |k|_1 = |k_1| + · · · + |k_n|, what we have is that if |ε| is small enough, there is a real analytic torus of the perturbed system carrying ω_0-quasi-periodic motion, and that it is |ε| close to the torus I = I^0. These tori fill a region of the phase space which has Cantor-like structure (with empty interior) but nearly full measure: its complementary over U × T^n has Lebesgue measure controlled by O( √ ε). See for instance [1, 2].

To prove this result (as well other results of KAM theory), the classical approach takes advantage of the following technicalities:

(i) The action-angle coordinates: It is an important simplification, since we can write the tori as graphs I ≡ I(ϕ): the angles on the torus are intrinsic variables of the system. This coordinates are very useful on solving the linear differential equations (homological equations) involved in the (iterative) KAM process.

(ii) The perturbative setting: In the classical approach, the Hamiltonian is assumed to be a perturbation of an integrable one, and so, we have the simple description for the dynamics of the un-perturbed system described before. Of course, we expect that everything will be a small perturbation of the un-perturbed system if ε is small.

(iii) The Lagrangian character of the tori: In the action-angle context, any torus of the form I = I^0 is Lagrangian^3. We point out that an invariant torus of a Hamiltonian system with linear irrational flow is always Lagrangian, therefore we know a-priori that the limit torus of a KAM process will be Lagrangian. However, if the sequence of approximations it is also Lagrangian, we have several simplifications along the proof.

(iv) The transformation theory: This means to perform a sequence of (canonical) transformations to the original Hamiltonian, in order to obtain a limit (but equivalent) Hamiltonian, for which the wanted family of quasi-periodic motions takes place (of course, the final transformation is only defined on a Cantor set).

Some difficulties, however, can arise when one attempts to apply directly this classical approach to general Hamiltonian systems. For instance, in some mathematical models it could be hard to establish the existence of a particular invariant torus of a given system (Kolmogorov theorem [9, 10, 4]). A very interesting (and important !) case of such situation are mathematical models of physical problems (for instance in celestial mechanics models). Some standard difficulties are:

2We can consider more general non-degeneracy conditions, as the iso-energetic non-degeneracy, see [12], or Rüssmann non degeneracy conditions, see [18].

3An n-dimensional manifold of R^{2n} is Lagrangian if the canonical 2-form of R^{2n} vanishes on its tangent bundle.

(a) No action-angle coordinates: For the majority of systems, there are no natural action-angle variables available, allowing to describe the invariant tori as graphs of angles that are intrinsic variables of the system.

(b) Not perturbative setting: Given a particular system, modeling a real problem say, a small parameter ε controlling the proximity between the given system and an integrable one is not always available. Therefore, even if the given system is “quasi-integrable” in some sense, it could be difficult, or computationally impossible, to introduce suitable action-angle coordinates in a constructive way. Moreover, it could also happen that for the actual size of the parameter ε the system written in action-angle variables the perturbation is not “small enough”, hence the classical invariant KAM approach does not guarantee the existence of a certain invariant torus, even in the case it exists^4.

(c) No Lagrangian tori: In many cases it is possible to numerically compute an approximately invariant torus for a certain frequency vector which is also known only approximately. More concretely, it is possible to compute, with the help of a computer, a (2n)-dimensional trigonometric polynomial (in n variables) parameterizing the approximatelly invariant torus. We can complete the decimal expression of the frequencies to obtain a Diophantine vector (it can always be done). Moreover, the initial approximately invariant torus will be not lagrangian, in general. Even in the case it were, the refined approximations would not preserve this geometrical property.

(d) No transformation theory: As we only know the parametrization of the approximately invariant torus and we do not know its expression as function of intrinsic variables of the system, then it is not possible to use transformation theory: in terms of a Cartesian system of coordinates, if we perform a change of variables, we do not know how to control its effect around and object for which we only know its parameterization.

The objective of this communication is to present some ideas that allow to deal with KAM theory, without using the technicalities explained in (i), (ii), (iii) and (iv). that we have called “the classical KAM approach”. Therefore, the methods proposed here are more suitable for a non-action-angle context. In what follows we outline the basic ideas of the proposed approach, and we will mention some possible generalizations. Full results will be available soon in [6].

The adapted Newton method

Let us consider a real analytic Hamiltonian H(ζ) defined for ζ ∈ U ⊂ R^{2n} . We will not assume that H is neither written in action-angle coordinates, nor close to integrable. We suppose known T : θ ∈ T^n → T (θ) ∈ U, 4There are examples of systems that are small perturbation of integrable Hamiltonian systems, with quite simple first integrals, but with very complicate action-angle coordinates.

a real analytic parameterization of an n-dimensional torus (not necessarily Lagrangian), which is not invariant by the Hamiltonian flow of H, but “approximately invariant”, with motion on the torus close to quasi-periodic, with vector of frequencies ω. We will call such an object a “quasi-torus” of the system. More concretely, we ask: L_ωT (θ) = J∇H(T (θ)) + R(θ), (2) with R(θ) small, where L_ω is the partial derivative in the ω-direction and J is the matrix of the canonical 2-form of R^{2n} : J = ( 0_n Id_n −Id_n 0_n ) . We want to compute a true ω-torus of the system, close to T , as a limit of a sequence of approximate tori constructed by means of a Newton-like method.

If we apply the standard Newton method to T in order to compute a new approximation T^1 = T + ΔT , we have to solve the linear equation:

L_ωΔT (θ) = JD^2H(T (θ))ΔT (θ) − R(θ). (3)

Unfortunately, it has been impossible for us to solve this equation completely, but we are able to solve this equation except by an error which has quadratic size with respect to the size of R(θ). This suffices for our purposes. The key point to do this, and in fact, the key point for the whole process, is the following result:

Lemma 1 With the previous notations, we define from the quasi-torus (2) the antisymmetric matrix S = T^⊤_θ JT_θ, where T_θ is the differential matrix of T with respect to θ. Then, if we assume that the vector ω ∈ R^n verifies a Diophantine condition like (1), we have: ‖S‖_{ρ−δ} ≤ c γδ^{τ +1} ‖R‖_ρ, where ‖ · ‖_ρ is the sup norm of an analytic function defined in the complex strip D(ρ) = {θ ∈ T^n : |Im(θ_j )| ≤ ρ, j = 1, . . . , n}, and c is a constant only depending on n, τ, the norm of T_θ, and the norm of DH on the torus.

Remark 1 The meaning of this result can be explained as follows: if S = 0, then T is a Lagrangian torus. What we have is that T can be not Lagrangian, but it is close to Lagrangian if ‖R‖ is small. In particular, when R = 0 it is a Lagrangian torus.

Remark 2 In the Lagrangian case, the columns of the matrices JT_θΩ^{−1} and T_θ expand a symplectic basis of R^{2n} at any point of the torus, where Ω = T^⊤_θ T_θ. In the case of a quasi-torus, this still being a basis, but only quasi-symplectic.

¿From Remark 2, we have that we can look for ΔT as ΔT = T_θa + JT_θΩ^{−1}b, where a(θ) and b(θ), n-dimensional and 2π-periodic in θ, are now the unknowns.

To give explicit equations for a and b, we observe that equation (3) can be written as R(ΔT ) = −R, where R is the linear differential operator R = L_ω · −JD^2H(T ) ·. Then, we have:

RT_θ = R_1(θ), R(JT_θΩ^{−1}) = T_θA + JT_θΩ^{−1}R_2, where R_1(θ), R_2(θ) and A(θ) are 2π-periodic on θ, with the sizes of R_1 and R_2 of O(‖R‖). Remark 3 If R_1 = R_2 = 0 it implies that the torus T is reducible^5, as it is easy to see that the dependence on θ of A can be removed.

The equations for a an b, obtained skipping terms of quadratic size on ‖R‖, are:

L_ωb = T^⊤_θ JR, (4) L_ωa = −Ω^{−1}T^⊤_θ R − Ab. (5)

Equation (4) is always solvable if ω is Diophantine, with a free choice for ⟨b⟩ (the average with respect to θ). We can define ⟨b⟩ from (5), by asking the expression at the right-hand side to have zero mean value. This can be done if we suppose that det(⟨A⟩) ≠ 0, which is how reads in this context the non-degeneracy of the frequency map for the chosen value of ω. After that, a can be obtained from (5), with free value for ⟨a⟩. This process allows to define T^1, and one can check that the new error, R^1, is O_2(‖R‖) (just shrinking a little bit the complex strip of definition of T ). Thus, if we apply iteratively this process, we can prove the following result:

Theorem 1 Let us consider a real analytic Hamiltonian H(ζ) in R^{2n} , defined in an open complex domain W, as well a fixed vector ω ∈ R^{2n} of Diophantine type (1). Let us also consider a real analytic n-dimensional torus of R^{2n} , namely T (θ), defined for θ ∈ D(ρ) and 2π-periodic in θ. We assume that this torus is non-degenerate as ndimensional manifold, in the sense that Ω(θ) = T^⊤_θ T_θ is non-singular for any θ ∈ D(ρ), and moreover that T (D(ρ)) ⊂ W.

We introduce from H, ω and T , the residue R(θ), defined from (2), when asking T to be an ω-torus of H, and the matrix

A = (Ω)^{−1}((JT_θ)^⊤D^2H(T )JT_θ − (T_θ)^⊤D^2H(T )T_θ)(Ω)^{−1},

for which we assume det⟨A⟩ ≠ 0.

Then, given a fixed 0 < δ < ρ, there are positive constants c_1 and c_2 depending only on n, τ, γ, ‖DH‖_W , ‖D^2H‖_W , ‖D^3H‖_W , ‖T ‖_ρ, ‖T_θ‖_ρ, ‖(Ω)^{−1}‖_ρ and |⟨A⟩^{−1}|, such that if ‖R‖_ρ ≤ c_1, then there exists T^∗, a true ω-torus of the system, defined on D(ρ − δ), with ‖T^∗ − T ‖_{ρ−δ} ≤ c_2‖R‖_ρ. Remark 4 We can give explicit expressions for c_1 and c_2, and they are not extremely complicate: they can be computed for particular examples.

Remark 5 The Hamiltonian H has never been modified along the iterative process. So, no transformation theory has been used.

5In this context, reducibility refers to the reduction to constant coefficients of the variational equations around the torus, by means of a linear change of variables, depending in time in ω-quasi-periodic way (quasi-periodic Floquet theory, see [5]).

Other results and Generalizations

We can extend the previous methodology to other contexts related to KAM theory. Here, we display some of the most natural generalizations. Part of these results have been achieved, and other ones are work in progress.

1. Lindstedt series around an invariant torus: They can be used to approximate the close-to-integrable dynamics around a given invariant and Diophantine torus, as a substitute of normal forms, which require to use adapted coordinates (see [3] for Lindstedt series in the action-angle context). ¿From them, we can establish that the proximity to integrability of a general Hamiltonian around an invariant and Diophantine torus, behaves in exponentially small way as function of the distance to the torus.

2. KAM tori are very “sticky”: Classical Nekhoroshev estimates can be proved for trajectories with initial conditions close to an invariant torus, proving that such trajectories remain close to the invariant torus for extremely big times. The usual techniques are based on normal form computations (see [13, 14]), but we can also obtain this result from estimates on Lindstedt series.

3. Exponentially small estimates in the KAM theorem: For any Diophantine frequency vector ω^′ close enough to ω and with Diophantine constant γ (see (1)) “not too small”, there exists an invariant torus with frequency vector ω^′. The measure of the holes in the phase space not filled by invariant tori, behaves in exponentially small way with respect to the size of |ω−ω^′|. See [11, 8] for previous results in the classical setting.

4. The finite differentiable case: It refers to two contexts: (a) In the analytic case, to prove that the Cantor family of KAM tori is C^r-smooth, for any r, in the sense of Whitney (see [17]). See [5] for related literature. (b) If H ∈ C^r, for r big enough, then the results “also work” (with statements adapted to the context). See, for instance, [19, 16, 5].

5. More general non-degeneracy conditions: The standard non-degeneracy condition det(⟨A⟩) ≠ 0 can be relaxed and replaced by suitable higher order non-degeneracies (see [5]).

6. Lower-dimensional tori: We also can generalize these ideas to study invariant tori which are not n-dimensional (maximal dimensional tori) but of dimension r, with r < n. Of course, the technical difficulties increase. (see [5, 8]).

7. Other Generalizations: The previous results can be generalized to Hamiltonian systems depending on time in quasi-periodic way (see [7]), Hamiltonian systems of R^{2n} related to a symplectic structure different from the canonical one, or more in general, to general (2n)-dimensional symplectic and analytic manifolds. However, these ideas also works (suitable adapted, this is a different context that requires a separate approach) for exact symplectic maps, with all the generalizations previously mentioned.

Concussions

In spite our new approach do not give rise to new result, it allows to simplify the proofs of some well-known results (the main reason of this fact is because we do not use transformation theory), and also allows to generalize these results to contexts that now are outside the range of applicability of the actual results.

A good test to prove the efficiency of these ideas could be if they allow to prove, for instance, existence of invariant tori in “real world problems” where we have numerical evidences of this fact, but we are unable to prove it rigorously using classical methods (for instant, by checking the hypotheses of our results using computer assisted proofs). We are also working in this line.

Acknowledgments

This work has been supported by the Comisión Conjunta Hispano Norteamericana de Cooperación Científica y Tecnológica. A.J. and J.V. have also been supported by the Catalan grant 2000SGR-00027, the Spanish grant BFM2000-0623 and the INTAS grant 00-221. Research of R.L. has been also supported by NSF grants.

References

[1] Arnol’d V. I., “Proof of a Theorem by A. N. Kolmogorov on the Persistence of Quasi-Periodic Motions under Small Perturbations of the Hamiltonian”, Russ. Math. Surveys, 18:5 (1963), pp. 9–36.

[2] Arnol’d V. I., “Small Denominators and Problems of Stability of Motion in Classical and Celestial Mechanics”, Russ. Math. Surveys, 18:6 (1963), pp. 85–191.

[3] Arnol’d V. I., Kozlov V. V., Neishtadt A. I., “Dynamical Systems III”, Springer- Verlag (1988).

[4] Benettin G., Galgani L., Giorgilli A., Strelcyn J.-M., “A Proof of Kolmogorov’s Theorem on Invariant Tori Using Canonical Transformations Defined by the Lie Method”, Il Nuovo Cimento B, 79:2 (1984), pp. 201–223.

[5] Broer H. W., Huitema G. B., Sevryuk M. B., “Quasi-Periodic Motions in Families of Dynamical Systems: Order amidst Chaos”, Lecture Notes in Math., 1645, Springer- Verlag, New York, 1996.

[6] González A., Jorba A., Llave R. de la, Villanueva J., “In preparation”. ???

[7] Jorba A., Villanueva J., “On the Persistence of Lower Dimensional Invariant Tori under Quasi-Periodic Perturbations”, J. Nonlinear Sci., 7 (1997), pp. 427–473.

[8] Jorba A., Villanueva J., “On the Normal Behaviour of Partially-Elliptic Lower Dimensional Tori of Hamiltonian Systems”, Nonlinearity, 10 (1997), pp. 783–822.

[9] Kolmogorov A. N., “On the Persistence of Conditionally Periodic Motions under a Small Change of the Hamilton Function”, Dokl. Akad. Nauk. SSSR, 98:4 (1954), pp. 527–530.

[10] Kolmogorov A. N., “The General Theory Dynamical Systems and Classical Mechanics”, in Foundations of Mechanics, R. H. Abraham and J. E. Marsden Eds., 2nd. edition, pp. 741–757 (Appendix), Benjamin/Cummings, Reading, MA, 1978.

[11] Morbidelli A., Giorgilli A.: “On a Connection Between KAM and Nekhoroshev’s Theorems”, Physica D, 86:3 (1995), pp. 514–516.

[12] Moser J., “Lectures on Hamiltonian Systems”, Mem. Amer. Math. Soc. 81 (1968), pp. 1–60.

[13] Nekhoroshev N. N., “An Exponential Estimate of the Time of Stability of Nearly- Integrable Hamiltonian Systems”, Russ. Math. Surveys, 32:6 (1977), pp. 1–65.

[14] Perry A. D., Wiggins S., “KAM Tori are Very Sticky: Rigorous Lower Bounds on the Time to Move Away from an Invariant Lagrangian Torus with Linear Flow”, Physica D 71 (1994), pp. 102–121.

[15] Poincaré H., “Les Méthodes Nouvelles de la Mécanique Céleste”, I, II , III, Gauthier-Villars, 1892, 1893, 1899.

[16] Pöschel J., “Integrability of Hamiltonian Systems on Cantor Sets”, Comm. Pure App. Math, 35 (1982), pp. 653–695.

[17] Whitney H., “Analytic Extensions of Differentiable Functions Defined in Closed Sets”, Trans. Amer. Math. Soc., 36:1 (1934), pp. 63–89.

[18] Rüssmann H., “Non-degeneracy in the perturbation theory of integrable dynamical systems”, In Number theory and dynamical systems, volume 134 of Lond. Math. Soc. Lect. Note Ser., pages 5–18. 1989.

[19] Zehnden E., “Generalized Implicit Function Theorems with Applications to Some Small Divisor Problems”, I and II, Comm. Pure Appl. Math., 28:1 (1975), pp. 91–140, and 29:1 (1976), pp. 49–111.

1 Departament de Matemàtica Aplicada i Anàlisi, Universitat de Barcelona, Gran Via 585, 08007 Barcelona.

2 Department of Mathematics, University of Texas at Austin,

Austin, TX, 78712, USA.

3 Departament de Matemàtica Aplicada I, Universitat Politècnica de Catalunya, Diagonal 647, 08028 Barcelona.