The primitive function of an exact symplectomorphism

Àlex Haro

Departament de Matemàtica Aplicada i Anàlisi, Facultat de Matemàtiques, Universitat de Barcelona. Gran Via 585, 08007 Barcelona, Spain. E-mail:

haro@mat.ub.es

Department of Mathematics, RLM 8100, University of Texas. Austin TX 78712, USA. E-mail: haro@math.utexas.edu

Abstract. Let O be the zero-section of the cotangent bundle T^∗M of a real analytic manifold M. Let F : (T^∗M, O) → (T^∗M, O) be a real analytic local diffeomorphism preserving the canonical symplectic form ω = dα of T^∗M, where α denotes the Liouville form. Suppose that F^∗α − α is an exact form dS. We prove that:

•We can reconstruct F from S and f = F_{|O}.

•If f is included into a flow, then F can be included into a Hamiltonian flow.

AMS classification scheme numbers: 37J05

1. Introduction

We recall that a symplectic structure on a manifold N is a 2-form ω which is closed and non-degenerate. Symplectic structures appear in Physics. For example, they appear naturally in Mechanics and Optics. In these cases, the symplectic structure has the extra feature of being exact, that is ω = dα for some 1-form α. In Mathematics, the natural symplectic form for a cotangent bundle is also exact.

For exact symplectic manifolds, we can consider exact symplectic maps F , that is, maps which satisfy F^∗α − α = dS,

where S is a function we will call primitive function, and it is unique up to addition of a constant.

These primitive functions are interesting objects since, for instance, in Optics they have the interpretation of the optical length between the points [13] and in Mechanics they are the actions [1]. Moreover, they play an important role in variational calculations. Notably in [14, 15] we have shown how they can be used to provide useful variational principles in cases when there are no twist conditions and the usual variational principles based on (Lagrangian) generating functions do not work. In fact, the variational principles based on primitive functions can be defined in any cotangent

The primitive function of an exact symplectomorphism 2

bundle. In [14, 15] we have also shown how these variational principles lead to effective algorithms and to other consequences such as converse KAM theory.

The main goal of this paper is to explore the question of to what extent primitive functions determine the maps (Note that, of course, since there are maps F different from identity for which F^∗α = α, we cannot expect full determination). This is a natural question, not only theoretically but also practically. For example in Optics, the primitive function (the optical length) is directly measurable.

This problem turns out to be intimately related to the problem of interpolation of exact symplectic maps. As it is well known, a time dependent (Hamiltonian) function H_t on N gives rise to a Hamiltonian vector field X_{Ht} by i_{XHt} ω = −dH_t. This vector field can be integrated to a deformation h_t determined by^{∂ht}_{∂t} = X_{Ht} ∘h_t; h_0 = id. These h_t are exact symplectomorphisms. The interpolation problem is: Given an exact symplectomorphism F to find a Hamiltonian H_t such that the family generated by it satisfies h_1 = F . In such a case, we say that F is Hamiltonian. The point is that we do not have F , but only its primitive function and some additional information. Appendix B is a digression on the general set up of the interpolation problem.

In both problems, determination and interpolation, given the applications that we have in mind (these primitive functions provide variational principles of great generality) we are interested in them also as a computational tool, so we have developed constructive proofs, and described algorithms that implement them. Indeed, we have implemented most of the algorithms described and used them. The numerical analysis issues associated to the implementation of these methods will appear in [16].

The main result of this paper is:

Theorem 1 Let M be a real analytic manifold, and N ⊂ T^∗M a tubular neighborhood of its zero-section. Let S : N → R be a real analytic function such that dS(0_x) = 0 at any point 0_x of the zero-section O of T^∗M. Let f : M → M a real analytic diffeomorphism. Then:

There exists a unique real analytic exact symplectomorphism F : N_0 → T^∗M defined in a neighborhood of the zero-section N_0 ⊂ N such that:

• The primitive function of F is S: F^∗α − α = dS; • The zero-section O is invariant by F , and f = F_{|O}.

Moreover, if f is interpolated by the flow f_t = f_{t,0} of a real analytic timedependent vector field X_t ∈ X (M) (i.e. f = f_1), then:

• F is Hamiltonian;

• A time-dependent Hamiltonian H_t generating F can be computed constructively from S and X_t.

Remark: The last statement means that if we write H_t(z) = ∑ k≤0 H_k(z)t^k (z ∈ N ) and X_t(x) = ∑ k≤0 X_k(x)t^k (x ∈ M), then the coefficients H_k can be computed from S and the coefficients X_k. ◁

The primitive function of an exact symplectomorphism 3

Remark: The flow F_t = F_{t,0} of the Hamiltonian H_t restricted to the zero-section is given by f_t. ◁ Since the zero-section of a cotangent bundle is the universal model of Lagrangian manifold, thanks to Weinstein’s Theorem [28], the assumptions of the theorem are not so restrictive. Weinstein’s Theorem states that a neighborhood of a Lagrangian manifold is symplectically equivalent to a neighborhood of the zero-section of its cotangent bundle. (Moreover, using a generalized Poincaré’s lemma, if the Lagrangian manifold is exact then the symplectomorphism is also exact). Although the result belongs to the smooth category, there are in the literature analytic versions of this theorem [25], where only tori are considered.

Lagrangian manifolds are essential to Hamiltonian/symplectic dynamics. For instance, KAM tori of an exact map (or a Hamiltonian flow) are Lagrangian, and so are the stable and unstable manifolds of a hyperbolic fixed point or a whiskered torus. In these and other cases, one often works in the analytic category.

In summary, the exact symplectic dynamics around an exact Lagrangian manifold can be described by a function defined on a neighborhood of that submanifold (the primitive function of the symplectomorphism) and the dynamics on the submanifold. Moreover, the passage from the representation (primitive function, restricted dynamics) to the dynamics in a neighborhood can be effectively implemented as algorithms.

So, for instance, an important application we have in mind is the description of the dynamics around KAM tori. All the dynamics near a KAM torus can be described by just one function, since the dynamics on the KAM torus is prescribed. This allows us to describe normal forms in a very efficient way (see Appendix A). We note that this description does not need any non-degeneracy conditions of the KAM torus. This is an advantage of the description by primitive functions over the description in terms of more classical generating functions. We recall that degenerate tori play a role in several applications to diffusion [12, 8, 15] and hydrodynamics [7, 9].

2. Definitions

First of all, we are going to introduce the elementary definitions and results about exact symplectomorphisms and Hamiltonian flows. For the sake of simplicity, for the time being all the objects (manifolds, functions, diffeomorphisms, ...) will be C^∞. Later we will work in the analytic category.

2.1. Exact symplectomorphisms

We recall some standard definitions: A symplectic structure on a manifold N is given by a closed 2-form ω (dω = 0) which is non-degenerate on each point. We say that (N , ω) is a symplectic manifold and that ω is its symplectic form. This implies that the dimension of N is even, 2d.

If ω = dα, for some 1-form α on N , we say that ω is exact, α is an action form

The primitive function of an exact symplectomorphism 4

and (N , ω = dα) is an exact symplectic manifold. Notice that given an exact ω, we can construct many action forms by adding to the original α any closed 1-form. In what follows, we will assume that one particular action form α is chosen. Indeed in many cases, such as cotangent bundles, there are natural choices.

Example: The phase space of a mechanical system is the cotangent bundle of its configuration space M [1]. The dimension of the manifold M is referred as the number of degrees of freedom, d.

The Liouville form is the 1-form defined on each ρ_x ∈ T^∗M by

α_{ρx} (X_{ρx} ) = ρ_x(q_∗(ρ_x)X_{ρx} ),

for any X_{ρx} ∈ T_{ρx} T^∗M. Moreover, it is the unique 1-form on T^∗M that satisfies ρ^∗α = ρ for any 1-form ρ on M. Then, ω = dα is the canonical symplectic structure on T^∗M (and α is an action form for ω). In cotangent coordinates in T^∗M, (x, y) = (x_1, . . . , x_d, y_1, . . . , y_d) ∈ U × R^d, these forms are α = y dx =

∑_d i=1 y_i dx_i, ω = dy ∧ dx =

∑_d i=1 dy_i ∧ dx_i. ◁

Let F : N → N be a diffeomorphism of N onto its image. The exactness equation associated to F is

F^∗α − α = dS. (1)

Definition: If the exactness equation is solvable, we say that S is a primitive function of F (notice that S is unique up to an additive constant), and hence F preserves the symplectic form (F^∗ω = ω). We say that F is an exact symplectomorphism (because the 1-form F^∗α − α is not only closed, as it should be for any symplectic map, but also exact). ◁

Remark: We use the name primitive function (cf. [2]) to avoid confusion with the classical generating functions, which are different objects (albeit related). In particular, the primitive function does not determine the symplectomorphism. That is, there are many exact symplectomorphisms with the same primitive function. ◁

Definition: If S = 0 is a solution of the exactness equation, we say that F is an actionmorphism, because it preserves the action form (F^∗α = α). ◁

Remark: If ϕ : M → M is a diffeomorphism then its lift ϕ̂^{def}= (ϕ^{−1})^∗ : T^∗M → T^∗M preserves not only the symplectic form ω = dα but also the Liouville form. All the actionmorphisms on the whole cotangent bundle can be obtained in this way (see, for instance, [18]). In fact, it is enough for it to be defined in a tubular neighborhood of the zero-section (Proposition 3). ◁

The primitive function of an exact symplectomorphism 5

Remark: Given an exact symplectomorphism F , it is determined by its primitive function S up to a composition with an actionmorphism L on the left. That is: (L∘F )^∗α − α = F^∗L^∗α − α = F^∗α − α = dS, and, conversely, if G is another exact symplectomorphism whose primitive function is also S, then (G∘F^{−1})^∗α − α = (F^{−1})^∗∘G^∗α − α = (F^{−1})^∗(α + dS) − α = − d(S∘F^{−1}) + (F^{−1})^∗dS = 0. ◁ 2.2. Hamiltonian flows

It is well known that to a function H : N → R we associate a Hamiltonian vector field X_H , which is uniquely determined by i_{XH} ω = −dH. The Poisson bracket between two functions K,H is defined by {K, H} = ω(X_K, X_H) = −dK(X_H ) = dH(X_K) = −{H, K}. These operations are natural with respect to pull back by symplectomorphisms. That is, for any symplectomorphism F : F^∗X_H^{def}= (F^{−1})_∗X_H ∘F = X_H∘_F , {K, H}∘F = {K ∘F, H ∘F }.

Recall that the space of smooth functions F(N ) endowed with the Poisson bracket is a Lie algebra, and the relation between the Lie bracket and the Poisson bracket is given by X_{{K,H}} = [X_K , X_H]. Keep in mind that F(N ) is infinite dimensional and the Lie algebra operation is discontinuous, so that several of the properties of finite dimensional Lie algebras do not necessarily hold.

In symplectic coordinates (x, y) (those such that ω = dy ∧ dx), we write

X_H = ( ∂H ∂y − ∂H ∂x )_⊤ , {K, H} = ∂K ∂y · ∂H ∂x − ∂K ∂x · ∂H ∂y , where · is the inner product.

2.3. A derivation associated to the action form

Let H_t be a time-dependent Hamiltonian function (where the subscript t represents the dependence on time), and X_{Ht} be the corresponding time-dependent Hamiltonian vector field. The time-(t, t_0) shift of its flow, φ_{t,t0} , is an exact symplectomorphism (in the domain where it is defined): φ^∗_{t,t0} α − α = dS_{t,t0} , where

S_{t,t0} =

∫_t

t_0

Λ(H_s)∘φ_{s,t0} ds (2)

and Λ(H) = α(X_H ) − H.

Remark: Applying (2), notice that the flow generated by a Hamiltonian H_t such that Λ(H_t) = 0 is just a family of actionmorphisms. ◁

The operator Λ satisfies the following properties.

The primitive function of an exact symplectomorphism 6

Proposition 1 The linear operator Λ : F(N ) → F(N ) associated to α, Λ(H) = α(X_H ) − H, is a derivation in F(N ). Moreover, it is natural with respect to pull back by actionmorphisms.

Proof: The proof of the product rule follows from α([X_{H1} , X_{H2} ]) = d(α(X_{H2} ))X_{H1} − L_{XH1} α X_{H2} = {H_1, α(X_{H2} )} + {Λ(H_1), H_2}.

If L^∗α = α and H ∈ F(N ): α(X_H )∘L = L^∗(i_{XH} α) = i_L∗_{XH} L^∗α = i_{XH∘L} α = α(X_H∘_L). ⊔⊓

Example: If N = T^∗M, we name the derivation associated to the Liouville form as the Liouville derivative. We can write Λ(H) = dH(Z^∗) − H, where Z^∗ is the Liouville vector field on T^∗M, that is, the only vector field that satisfies the relation i_Z∗ dα = α. If H is a Hamiltonian, then Λ(H) is also known as its elementary action, because it is used in order to define a variational principle for the orbits of the corresponding Hamiltonian vector field (see, for instance, [1, 18]). It is closely related to the Legendre transformation.

In cotangent coordinates (x, y) ∈ U × R^d, the Liouville derivative is written Λ(H)(x, y) = y · ∇_yH(x, y) − H(x, y).

Λ is a vertical operator, because the value of Λ(H) on a fiber only depends on the value of H on such fiber. ◁

3. Determination of an exact symplectomorphism

Since an exact symplectomorphism is determined by its primitive function up to an actionmorphism, it will be useful to characterize the actionmorphisms. From this point on, our exact symplectic manifold will be T^∗M. An actionmorphism defined in a tubular neighborhood of the zero-section does not move the zero-section, and it is the lift of the diffeomorphism induced in the zero-section. Finally, we can compute all the exact symplectomorphisms that fix the zero-section.

3.1. A condition on the primitive function Since the zero-section is fixed, certain restrictions apply to the primitive function. Proposition 2 Let F : N → T^∗M be an exact symplectomorphism and S : N → R be its primitive function. Then, F fixes the zero-section ⇔ ∀x ∈ M dS(0_x) = 0.

Proof: Let x ∈ M be any point on the zero-section. Since α(0_x) = 0 and (F^∗α)(0_x) = α(F (0_x))∘F_∗(0_x) = F (0_x)∘(q∘F )_∗(0_x), then dS(0_x) = F (0_x)∘(q∘F )_∗(0_x). Finally, as (q∘F )_∗ is an epimorphism at all points, we obtain the result. ⊔⊓

The primitive function of an exact symplectomorphism 7

Remark: Similar results can be obtained for an exact Lagrangian invariant graph for an exact symplectomorphism defined on a cotangent bundle [14, 15]. In particular, we associate a conserved quantity to such a graph, and we can define variational principles for these invariant graphs [14, 15] ◁

3.2. The actionmorphisms are lifts

Proposition 3 Let L : N → T^∗M be an actionmorphism. Let ϕ : M → M be the dynamics on the zero-section (ϕ = L_{|O}). Then, L = ϕ̂.

Proof: Consider I = ϕ̂^{−1}∘L. It is also an actionmorphism I : N → T^∗M, and it fixes all the points on the zero-section. We are going to prove that I is the identity.

Take cotangent coordinates (x, y) ∈ U × R^d around each point of the zero-section {y = 0}. Hence, I is given by

x̄ = f(x, y), ȳ = g(x, y),

with f(x, 0) = x, g(x, 0) = 0. The condition I^∗α = α is

0 = g(x, y)^⊤A(x, y) − y^⊤, 0 = g(x, y)^⊤B(x, y),

where the matrices

A(x, y) = ∂f ∂x (x, y), B(x, y) = ∂f ∂y (x, y),

satisfy AB^⊤ = BA^⊤. Note that we recover g(x, 0) = 0, because the matrix (A B) has maximum rank. Hence, we have

0 = (g(x, y)^⊤A(x, y) − y^⊤)B(x, y)^⊤ = −y^⊤B(x, y)^⊤,

and then each x-component f_i is a homogeneous function of degree 0 in the y-variables. By regularity on the zero-section, these functions f_i are constant with respect to the y-variables: f(x, y) = f(x, 0) = x. Finally, g(x, y) = y, because A is the identity matrix. ⊔⊓ 3.3. Effective computation of exact symplectomorphisms given the primitive function and a restricted dynamics

Let S : N → R be a function whose differential vanishes on the zero-section. We look for the symplectomorphisms F whose primitive function is S. All of them fix the zero-section, and each of them is determined by the dynamics on the zero-section. It is enough to compute the F that fixes all the points on the zero-section, and the we can obtain the whole family by composing that F with the lifts of the diffeomorphism on the zero-section.

From a formal/computational point of view we assume that:

• our manifold M is R^d (or we consider cotangent coordinates around each point on the zero-section);

The primitive function of an exact symplectomorphism 8

• the primitive function S is a series in y: S(x, y) = ∑ n s_n(x)y^n

where the s_n are x-functions (we use multi-indices n = (n_1, . . . , n_d) ∈ N^d and |n| =

∑_d i=1 n_1), • F = (f, g) is given by f(x, y) = ∑ n f_n(x)y^n , g(x, y) = ∑ n g_n(x)y^n,

where f_n = (f^1_n, . . . , f^d_n)^⊤, g_n = (g^1_n, . . . , g^d_n)^⊤ are vector functions, and f_0 = x, g_0 = 0.

From the exactness equation (1) in cotangent coordinates ∂S ∂x_j

(x, y) = ∑ i g^i(x, y)

∂f^i ∂x_j

(x, y) − y_j,

∂S ∂y_j

(x, y) = ∑ i g^i(x, y)

∂f^i ∂y_j

(x, y),

we can obtain the relationship between the sequences of f_n,g_n and s_n. In the following, ∑ i means

∑_d i=1 and u, v ∈ N^d are multi-indices. Moreover, e_i = (0, . . . , 1_i, . . . , 0).

Proposition 4 With the notation above:

• The function s_0 is constant and the functions s_{ei} vanish: DS(x, 0) = 0. • We can recover the x-functions f_n and g_n from s_n by means of the recurrence:

– (k = 1) ∀i, j = 1 ÷ d : g^j_{ei} = δ_{ij} , f^j_{ei} = (1 + δ_{ij}) s_{ei+ej} ; – (k > 1) ∀|n| = k, j = 1 ÷ d:

g^j_n =

∂s_n ∂x_j

(x) − ∑ i ∑ u + v = n u ≠ 0, n

∂f^i_u ∂x_j

(x)g^i_v(x),

f^j_n = n_j + 1 k s_{n+ej} (x) + n_j + 1 k ∑ l F^l_{n+ej −el} (x) − F^j_n(x),

where F^j_n(x) = − ∑ i ∑ u + v = n |v| > 1

(u_j + 1)f^i_{u+ej} (x)g^i_v(x).

The proof of this proposition is straightforward.

Remark: This method does not use the implicit function theorem, usually used when obtaining a symplectomorphism from a generating function. Moreover, if the primitive function is real analytic, the expansions of f and g also converge. In fact, we can obtain the symplectomorphism as the time-1 flow of a real-analytic Hamiltonian (this is our main theorem). ◁

The primitive function of an exact symplectomorphism 9

Remark: The calculations also lead very quickly to normal forms around exact Lagrangian invariant manifolds (see Appendix A). ◁

Remark: The numerical analysis issues of this method will appear in [16]. ◁

4. Proof of Theorem 1

To prove Theorem 1, we first introduce a general construction based on the homotopy method, in which the manifold N can be any exact symplectic manifold. The evolution equation that we shall obtain by this method can have many solutions. This is connected with the existence of many exact symplectomorphisms with the same primitive function, and with the fact that the Λ-derivative vanishes for many functions. Then, we focus on the case with N = T^∗M. The properties of the (now) Liouville derivative, which are geometrically connected with the foliation of our (new) phase space, are essential to obtain a (new) evolution equation with an unique solution. This solution can be efficiently computed (4.2) and its analyticity is proved (4.3). We shall use a majorant method. Finally, the Hamiltonian will be obtained from the solution of the evolution equation in a straightforward way.

4.1. The homotopy method

Let H : N × R → R be a time-dependent Hamiltonian function (denoted by H_t), X_{Ht} be the corresponding vector field, and φ_t = φ_{t,0} be the corresponding flow from t_0 = 0. We want

φ^∗_1α − α = dS.

In fact, we impose ∀t φ^∗_t α − α = t dS (which is the basic construction of a homotopy method). That is to say, we want S_{t,0} = t · S (with the notation of 2.2), which is equivalent, applying (2), to S = Λ(H_t)∘φ_t. Therefore, if H_0 satisfies S = Λ(H_0) and 0 = d dt (Λ(H_t)∘φ_t)∘φ^{−1}_t = ∂ ∂t (Λ(H_t)) + d(Λ(H_t))

∂φ_t ∂t^∘ φ^{−1}_t = ∂ ∂t (Λ(H_t)) + {H_t, Λ(H_t)},

then H_t is a time-dependent Hamiltonian whose time-1 map is an exact symplectomorphism whose primitive function is S. We shall refer to this problem as the homotopy problem.

If we find a solution to the homotopy problem, we can only assure that the primitive function of its time-1 map is S, but this does not determine φ_1. This is related to the existence of functions whose Λ-derivative vanishes, as the next proposition shows.

The primitive function of an exact symplectomorphism 10

Proposition 5 Let S : N → R be a function. Then, the time-t map φ_t = φ_{t,0} of a time-dependent Hamiltonian H_t : N → R that satisfies S = Λ(H_0) and d dt (Λ(H_t)) = − {H_t, Λ(H_t)}, is exact symplectic and its primitive function is t · S.

Furthermore, let H̄_t be a solution of the homotopy problem and ψ_t = ψ_{t,0} be the flow of the corresponding Hamiltonian vector field. Let h_t ∈ ker Λ be a time dependent Hamiltonian, whose flow L_t = L_{t,0} is a family of actionmorphisms. Consider the new family of deformations φ_t = L_t∘ψ_t, which is also connected to the identity. Then:

• φ_t is the flow of the Hamiltonian H_t = h_t + H̄_t∘L^{−1}_t ; • H_t is also a solution of the homotopy problem.

Proof: The first point is proved (cf. [19]) from dφ_t dt = ∂L_t ∂t^∘ ψ_t + (L_t)_∗(ψ_t) dψ_t dt = X_{ht} ∘L_t∘ψ_t + ((L_t)_∗ X¯_{Ht} )∘ψ_t = X_{ht} ∘φ_t + (L_t)_∗ X¯_{Ht} ∘L^{−1}_t ∘φ_t = X_{ht} ∘φ_t + X¯_{Ht∘L}−1_t ∘φ_t = X_{ht+}¯_{Ht∘L}−1_t ∘φ_t.

The second one follows from d dt (Λ(H_t)) = ∂ ∂t (Λ(H̄_t))∘L^{−1}_t + d(Λ(H̄_t))(L^{−1}_t )

∂L^{−1}_t ∂t = − {H̄_t, Λ(H̄_t)}∘L^{−1}_t − d(Λ(H̄_t))(L^{−1}_t ) (L^{−1}_t )_∗ X_{ht} = − {H̄_t∘L^{−1}_t , Λ(H̄_t∘L^{−1}_t )} − {h_t, Λ(H̄_t∘L^{−1}_t )} = − {H_t, Λ(H_t)} and Λ(H_0) = Λ(h_0 + H̄_0∘L^{−1}_0 ) = Λ(H̄_0) = S. ⊔⊓

4.2. An evolution problem In this section we make make use of the special features of T^∗M. In the following, N is a tubular neighborhood of the zero-section. The Liouville derivative satisfies the following property.

Lemma 1 The space of functions F^{def}= F(N ) splits as F = ker Λ ⊕ Λ(F).

Moreover, Λ(F) is the subspace of functions whose vertical derivatives vanish on the zero-section and ker Λ is the subspace of fiberwise homogeneous functions of degree 1.

Proof: We have to solve the equation Λ(H) = S. Since Λ is a vertical operator, we can restrict our attention to each fiber. On each fiber (fixed x ∈ M) we have a linear operator transforming y-valued functions. Its properties are inherited by Λ.

The primitive function of an exact symplectomorphism 11

Hence, let U ⊂ R^d be an open star-shaped neighborhood of the origin in R^d, with coordinates y = (y_1, . . . , y_d), and S : U → R be a function. If ∇_yS(0) = 0 the solutions of the partial differential equation y · ∇_yH(y) − H(y) = S(y) depend on a ∈ R^d and are

H(y) = a · y +

∫_1 0 1 t^2

(S(ty) − S(0)) dt. ⊔⊓ The homotopy problem is a family of evolution problems and, thanks to the previous lemma, we can specify a particular one. Notice that the lemma above states that Λ_|^{def}= Λ_{|Λ(F)} is an isomorphism in Λ(F). Thus, if we look for E_t ∈ Λ(F) as a solution of the evolution problem dE_t dt = −{Λ^{−1}_| (E_t), E_t},

E_0 = S.

then H̄_t = Λ^{−1}_| (E_t) is a solution of the original problem. Of course, Λ(F) must be invariant under these operations to work inside this subspace. In fact, not only do the vertical derivatives of E_0 vanish on the zero-section, but all the derivatives vanish (recall that dS∘z = 0). The following lemma can be easily proved using cotangent coordinates. Lemma 2 Let S, T ∈ F(N ) be two functions such that dS∘z = 0 and dT ∘z = 0. Then, d(Λ^{−1}_| (S))∘z = 0, d{S, T }∘z = 0.

Constructive method to solve the evolution problem To obtain the solution we use expansions in powers of t. If E_t = ∑ k≥0 E_kt^k is the expansion of E_t (where E_0 = S), then we can compute all the terms by the recurrence:

E_{k+1} = −1 k + 1 ∑ u+v=k

{Λ^{−1}_| (E_u), E_v}. (3)

Hence, all the terms of the expansion satisfy dE_k∘z = 0. In fact, since the function E_0 = S has y-order 2, the y-orders of the E_k increase: the y-order of E_k is k+2. This point is crucial to prove the convergence of the expansions.

4.3. Proof of the convergence of the expansions

Since we have used the majorant method to study the convergence of the expansions, will start by recalling some definitions and results on analytic functions. Given two real analytic functions in z = (z_1, . . . , z_m) f(z) = ∑ n f_nz^n, g(z) = ∑ n g_nz^n,

(using multi-index notation n ∈ N^m), we can say that g is a majorant for f (f ≪ g) if ∀n |f_n| ≤ g_n.

Besides the standard estimates involving sums, products, derivatives, etc., which we will assume are well known, we shall use some more specialized estimates. Now, m = 2d and z = (x_1, . . . , x_d, y_1, . . . , y_d) are cotangent coordinates.

The primitive function of an exact symplectomorphism 12 Lemma 3 Given b > 0, we define w_b(z) =

∏_d i=1(b − x_i)(b − y_i). Let f, g be two real analytic functions such that f ≪ u∏ t=1 y_{it} w^{−k}_b , g ≪ v∏ t=1 y_{jt} w^{−l}_b where u, v > 1. Then:

{f, g} ≪ b^{2d−1} c_{uvkl} u∏ t=1 y_{it} · v∑ s=1 v∏ t=1,t≠s

y_{jt} + c_{uvlk} v∏ t=1 y_{jt} · u∑ s=1 u∏ t=1,t≠s

y_{it} w^{−(1+k+l)} b

and Λ^{−1}_| (f) ≪ 1 u − 1 u∏ t=1 y_{it} w^{−k}_b ,

where c_{uvkl} = k +^{2dkl}_{u+v} . Proof: Since d∑ j=1 ∂f ∂x_j ∂g ∂y_j ≪ d∑ j=1 (_u ∏ t=1 y_{it} kw^{−k}_b b − x_j ( ∂ ∂y_j

(_v ∏ t=1 y_{jt} ) w^{−l}_b + v∏ t=1 y_{jt} lw^{−l}_b b − y_j ))

then

{f, g}≪b^{2d−1} l v∏ t=1 y_{jt} u∑ s=1 u∏ t=1,t≠s

y_{it} + k u∏ t=1 y_{it} v∑ s=1 v∏ t=1,t≠s

y_{jt} + 2dkl b u∏ t=1 y_{it} v∏ t=1 y_{jt} w^{−(1+k+l)} b

≪b^{2d−1} c_{uvkl} u∏ t=1 y_{it} v∑ s=1 v∏ t=1,t≠s

y_{jt} + c_{uvlk} v∏ t=1 y_{jt} u∑ s=1 u∏ t=1,t≠s

y_{it} w^{−(1+k+l)} b .

The second estimate is straightforward. ⊔⊓

Finally, we can prove the convergence of the expansions 3 for a sufficiently large t. Proposition 6 Let S : N → R be a real analytic function, with dS∘z = 0. Then, there exists a tubular neighborhood of the zero-section where the solution of the evolution problem E_t is defined for all time t ≤ 1 + δ.

Proof: We can use cotangent coordinates (x, y) in a neighborhood of each point of the zero-section. It is sufficient to prove that we can obtain a small neighborhood of zero where the series ∑ k≥0 E_k(x, y)t^k is defined for t ≤ 1 + δ.

The primitive function of an exact symplectomorphism 13

S(x, 0) is constant, and we can suppose that it is 0. Moreover, since ∀x^{∂S}_{∂y} (x, 0) = 0 we can write: S(x, y) = ∑ i,j y_iy_js_{ij}(x, y),

where the functions s_{ij} are real analytic (and s_{ij} = s_{ji}). Given a small enough radius b > 0, let c be the maximum of the sup-norms of the functions s_{ij} on {||(x, y)||_∞ < b}. So then, ∀i, j = 1 ÷ d s_{ij}≪cb^{2d}w^{−1}_b , and E_0≪cb^{2d} ∑ i,j y_iy_j w^{−1}_b .

Suppose that ∀u ≤ n

E_u≪γ_u ∑ i_1,...,i_{u+2}

u+2∏ t=1 y_{it} w^{−(2u+1)} b , where γ_0 = cb^{2d}, γ_1, . . . , γ_n are constants. We want to estimate E_{n+1}. Applying the majorant estimates of Lemma 3, and taking ĉ_{uv} = c_{(u+2),(v+2),(2u+1),(2v+1)} , we obtain

E_{n+1} = −1 n + 1 ∑ u+v=n

{Λ^{−1}_| (E_u), E_v}

≪ b^{2d−1} n + 1 ∑ u + v = n i_1, . . . , i_{u+2} j_1, . . . , j_{v+2}

γ_uγ_v u + 1 ĉ_{uv} u+2∏ t=1 y_{it} · v+2∑ s=1 v+2∏

t=1,t≠s

y_{jt} + ĉ_{vu} v+2∏ t=1 y_{jt} · u+2∑ s=1 u+2∏

t=1,t≠s

y_{it} w^{−(2n+3)} b

≪ γ_{n+1} ∑ k_1,...,k_{n+3}

n+3∏ t=1 y_{kt} w^{−(2n+3)} b , where γ_{n+1}^{def}= 4d(1+2d)b^{2d−1} ∑ u+v=n

γ_uγ_v ≥ db^{2d−1} n + 1 ∑ u+v=n

γ_uγ_v u + 1

(ĉ_{uv}(v+2) + ĉ_{vu}(u+2))

Hence, the sequence {γ_n} is the sequence of coefficients of the Taylor series of the function

f(t) = 1 − √ 1 − 4Kγ_0t 2Kt , where K = 4d(1 + 2d)b^{2d−1}, and then lim_n^{γn}_{γn+1} =^1_{4Kγ0} .

Finally, consider the ball B_{ρb} = {||x||_∞ ≤ ρb, ||y||_∞ ≤ ρb}, where ρ ∈ [0, 1[. Then, we have ∑ n≥0 |E_n(x, y)|t^n≤ ∑ n≥0 γ_n(dρb)^{n+2}(b(1 − ρ))^{−2d(2n+1)}t^n,

and this series converges in B_{ρb} for a fixed t > 1 in that case where ρ is small enough. ⊔⊓

The primitive function of an exact symplectomorphism 14

4.4. End of the proof

Let E_t be the solution of the evolution problem, which belongs to Λ(F). Then H̄_t = Λ^{−1}_| (E_t) is a Hamiltonian whose φ_t = φ_{t,0} has primitive function t · S. Since dE_t∘z = 0 then dH̄_t∘z = 0, and all the points of the zero-section are fixed. Hence, φ_1 is the exact symplectomorphism, whose primitive function is S, and fixes all the points of the zero-section.

Finally, if the dynamics on the zero-section can be interpolated by a flow, then the dynamics around the zero-section can be interpolated by a Hamiltonian flow. Notice that the Hamiltonian lift of X_t is given by a Hamiltonian h_t(ρ_x) = ρ_x(X_t(x)) which belongs to ker Λ, and its flow L_t is the lift of the flow on the zero-section: L_t = f̂_t. Thus, it is enough to apply Proposition 5: H_t = h_t + H̄_t∘L^{−1}_t .

Example: For instance, let M = T^{def}= R/Z be the 1-dimensional torus and N = T^∗T ≃ T × R be the annulus. Suppose our exact symplectomorphism fixes the zero section T_0 and its dynamics is given by an ergodic translation by ω ∈ R \ Q and its primitive function is S(x, y) =^1_2 s(x)y^2 (where s is 1-periodic, of course). Then

H(x, y, t) = ωy + 1 2 s(x − ωt)y^2.

In order to get a periodic Hamiltonian, we have to perform a time change of variables. A C^2 change of time is given by a strictly increasing C^3 function t = t(s) = s + t̄(s) such that:

• t̄ is 1-periodic, and then t^′(s) is 1-periodic; • t̄(0) = 0, t̄^′(0) = −1, t̄^{′′}(0) = 0, t̄^{′′′}(0) = 0.

Then we define the new Hamiltonian by

H_p(x, y, s) = t^′(s) · H(x, y, t(s))

in the time interval [0, 1] and extend the function by periodicity. It is easy also to perform a C^∞ change of time. However, it is more difficult to obtain a time-periodic Hamiltonian which is analytic (see [17, 26]). ◁

Conclusion

In this paper we propose a new way to describe an exact symplectomorphism, besides the classical methods using generating functions and Lie transforms. We use the so-called primitive function of an exact symplectomorphism.

Our method allows us to obtain all the exact symplectic dynamics around invariant exact Lagrangian manifolds. Accordingly, it can be used to study the symplectomorphism in a vicinity of such a manifold (for instance, to obtain normal forms).

To reconstruct the exact symplectomorphism from its primitive function, we propose two methods, both of them implementable on a computer:

The primitive function of an exact symplectomorphism 15

• a “generating-function-like” method: but, unlike the classical one, our method does not involve the implicit function theorem (and non-degeneracy conditions are not needed) and compositions, and the coefficients of the symplectomorphism are computed by means of recurrences only;

• a “Hamiltonian like method”: we demonstrate how to construct a time dependent Hamiltonian whose time-1 map is the symplectomorphism.

Appendix A. Normal forms

We want to compute normal forms for the dynamics around an invariant exact Lagrangian manifold for a given exact symplectomorphism, that is, to obtain the more simplified expression for this dynamics. We will show that our methods also let us to get normal forms very quickly.

The main formula that we need is that, for given F, G : N → N exact symplectomorphisms on the exact symplectic manifold (N , ω = dα), whose primitive functions are S, T , respectively, then the primitive function of the conjugation F̂ = G^{−1}∘F ∘G is Ŝ = S∘G + T − T ∘F̂ .

Making use of Weinstein’s Theorem [28], we assume without loss of generality that the Lagrangian manifold is the zero-section of a cotangent bundle.

Appendix A.1. General construction

For the sake of simplicity, assume that M is a parallelizable manifold, that is T^∗M ≃ M × R^d. N ⊂ T^∗M is a tubular neighborhood of the zero-section and F = (f, g) : N → M × R^d is an exact symplectomorphism whose primitive function is S. The zero-section is fixed and its dynamics is given by ϕ(x) = f(x, 0).

We want to obtain the simplest expression of F in the suitable coordinates. As the dynamics on the zero-section is already given, we have to obtain the simplest expression of the primitive function (as a previous step, we could obtain the nicest expression for the map ϕ).

As is 3.3, we are going to expand the (x, y)-functions in y-Taylor series, whose coefficients are x-functions. For the capital letter (x, y)-function S(x, y) we shall write

S(x, y) = ∑ n s_n(x)y^n

where the coefficients s_n are lower case x-functions (n = (n_1, . . . , n_d) ∈ N^d). Moreover, for a given k ∈ N, we shall write

S_k(x, y) = ∑ |n|=k

s_n(x)y^n , S_{≤k}(x, y) = ∑ |n|≤k

s_n(x)y^n ,

etc.

In this case, as S is the primitive function of F , we know that s_0 is a constant (which we will take zero) and the functions s_{ei} vanish. This is the first step of normal form (we have eliminated the terms of y-order 1) in S.

The primitive function of an exact symplectomorphism 16

Suppose that we have already done k − 1 steps of normal form, and we want to complete the step k. Then, the primitive function of F is given by S(x, y) = N_{≤k−1} + R_{>k−1} (N from normal form and R from remainder). N corresponds to the terms that we have not be able to eliminate in the previous steps. In this step, we want to eliminate S_k = R_k.

Consider then the change of variables G as given by the time-1 map associated to a Hamiltonian H = H_k, which is y-homogeneous of degree k. Notice that G does not move the points on the zero-section. Since Λ(H) = (k − 1)H and H is preserved by the flow, the primitive function of G and G^{−1} are T = (k − 1)H and −T , respectively (and T = T_k). The computation of G and G^{−1} can be performed by means of the recurrence in Proposition 4, and it is not necessary the use of the Lie series method.

Then, the primitive function Ŝ of F̂ = G^{−1}∘F ∘G is given by

Ŝ(x, y) = S_∘G(x, y) + T (x, y) − T_∘F̂ (x, y)

= N_{≤k−1}(x, y) + R_k(x, y) + . . . +

T_k(x, y) + . . . − T_k(ϕ(x), Dϕ(x)^{−⊤}y) + . . .

= N_{≤k−1}(x, y) + R_k(x, y) + T_k(x, y) − T_k(ϕ(x), Dϕ(x)^{−⊤}y) + . . . , where ‘. . .’ means terms with higher order (we have only take care of the terms to degree k). Then, we look for T_k (that is, H_k) such that

L^k_ϕT_k(x, y)^{def}= T_k(ϕ(x), Dϕ(x)^{−⊤}y) − T_k(x, y) = R_k(x, y).

This is the homological equation of degree k associated to the diffeomorphism ϕ. The operator L^k_ϕ acts on the space of y-homogeneous functions of degree k, F_k. We can also consider L_ϕ as acting on the graded algebra

⨁_∞ k=0 F_k (formally, the algebra of all the functions).

For the sake of simplicity, suppose that L^k_ϕ applies L^k_ϕ(F_k) onto its image, that is, F_k = ker L_ϕ ⊕ L^k_ϕ(F_k). Then R_k decomposes uniquely as R_k = N_k + L_k, and we can only solve the linear equation L^k_ϕT_k = L_k and the terms in N_k will remain. Hence, the normal form to degree k is given by Ŝ(x, y) = N_{≤k} + R̂_{>k}.

In summary, the normal form to degree k is given by a k degree y-polynomial N_{≤k} that belongs to ker L_ϕ.

Appendix A.2. An example: the normal form near a KAM torus

Assume M = T^d and ϕ(x) = x + ω, where ω ∈ R^d is a Diophantine vector (that is that there exists C > 0 and τ ≥ 1 such that ∀n ∈ Z |q · ω − n| ≥ C/||q||^τ_1). The motion on the zero-section is quasi-periodic.

The primitive function of an exact symplectomorphism 17

Now, The x-functions are 1-periodic in all their variables. The operator L^k_ϕ is given by L^k_ϕT_k(x, y) = T_k(x + ω, y) − T_k(x, y) = ∑ |n|=k

(t_n(x + ω) − t_n(x))y^n.

Define the operator l_ωt(x) = t(x + ω) − t(x) on the space of functions on the dtorus: T^{def}= F(T^d). Then, formally speaking, T = ker l_ω ⊕ l_ω(T ), and ker l_ω is the set of constants and l_ω(T ) is the set of periodic functions with zero average. This is not completely correct, and depends on the category of functions we are working in. For instance, in the C^k category, the homology equation decreases the degree of differentiability (and we can only do a finite number of steps of normal form), and in the C^ω category the width of the complex band around x = 0 is also decreased (see, for instance, [3]).

Taking into account all these remarks, we obtain that the normal form of order k is given by a primitive function S with

N_{≤k}(y) = ∑ 2≤|n|≤k

ν_ny^n,

where the coefficients ν_n are constants. Applying Proposition 4, we get that the normal form is

f(x, y) = ω + x + ∇_yH_{≤k}(y) + O(y^k), g(x, y) = y(I + O(y^k)),

where

H_{≤k}(y) = Λ^{−1}_| (N_{≤k}) = ∑ 2≤|n|≤k

ν_n |n| − 1 y^n.

This is the Birkhoff’s normal form near a KAM torus.

Remark: The symplectomorphism corresponding to N_{≤k} is the time-1 map of the Hamiltonian ω · y + H_{≤k}(y). This Hamiltonian is integrable (as the corresponding map). Thus, we can construct d approximate first integrals around a neighborhood of an invariant torus (cf. [11, 27]). ◁

Remark: This method is useful to obtain partial justifications of the Greene’s criterion of breakdown of an invariant torus [21, 11, 27], and also for estimates on the diffusion around a KAM torus [25, 22]. ◁

We can also obtain normal forms around a hyperbolic fixed point, that is, around its stable (or unstable) invariant manifold. Mixed situations can also be considered, that is, we can compute normal forms around the stable (or unstable) manifold of a

The primitive function of an exact symplectomorphism 18

hyperbolic quasi-periodic torus (although we need some reducibility hypothesis). See [14] for more information about this subject.

Appendix B. On the interpolation problem

The interpolation problem has been widely studied, and its many variants have been examined (for instance, [10, 6, 24, 5] for smooth diffeomorphisms and [23, 10, 17, 26] for analytic maps). Sometimes one uses the existence of generating functions, or some kind of closeness to an integrable map, or one uses that the symplectomorphism is already connected to the identity. Once we have obtained the Hamiltonian, we can then obtain the time dependence of period 1 (in the smooth category is straightforward, but in the analytic category is more difficult [26]).

Interpolation problems are not only interesting by themselves, but they also have applications. Many problems in Hamiltonian/symplectic dynamics are easier when considered in terms of maps, but it is often simpler to give a proof in terms of flows. Interpolation allows us to show that results proved for all periodic flows hold for all maps. See [17] for applications to Nekhoroshev estimates for almost integrable exact symplectic maps (in which the interpolation is important to be analytic), and also to KAM theorems for maps [10].

Since we are interested in a particular case, let F : N → T^∗M be an exact symplectomorphism defined in a neighborhood of the zero-section and fixes all the points of the zero-section. Recall that dS(0_x) = 0, and then S is constant on the zero-section. We are going to interpolate it by a Hamiltonian flow [20]. Notice that, in this case, we have all the information about the problem, not only the primitive function S. First of all, consider the fiberwise homotheties h_λ : T^∗M → T^∗M, where λ ∈ R, defined by h_λ(ρ_x) = λ · ρ_x. Of course, h_λ^∗α = λ · α. Then, we can connect F with the identity by means of a ‘symplectic path’: F_0 = id, F_t = h_{1/t}∘F ∘h_t (t ≠ 0).

Notice that the primitive function of F_t, for t ≠ 0, is S_t =^1_t S∘h_t. This fits with the case t = 0, thanks to the conditions satisfied by S. It is an standard result about exact symplectic isotopies that F_t is generated by the flow of the vector field

X_t = dF_t dt^∘

F^{−1}_t ,

which is Hamiltonian. The Hamiltonian is H_t = α(X_t)−^{dSt}_{dt} ∘F^{−1}_t . From a computational point of view, this method seems to be less efficient that the given in the proof of the Theorem 1, because now we have to inverse and compose some maps, while in the resolution of the evolution problem we just have to compute a recurrence of functions (where only sums, products and derivatives are needed).

Another approach can be the use of a ‘parametric’ Darboux’s theorem [4]. That is, given a family of symplectic forms ω_t such that ω_0 = ω_1 = ω on a symplectic

The primitive function of an exact symplectomorphism 19

manifold (N , ω) we can obtain a family of (local) diffeomorphisms h_t : N → N such that h^∗_t ω_t = ω, with h_0 = h_1 = id. Now, let F = F_1 be a symplectomorphism, connected with the identity F_0 = id by means of a path F_t of diffeomorphisms. Then, define ω_t = F^∗_t ω and construct h_t as before. Thus, define F̄_t = F_t∘h_t, that satisfies F̄_0 = F_{0∘}h_0 = id, F̄_1 = F_{1∘}h_1 = F and F̄ ∗_t ω = ω. So, F̄_t is a symplectic deformation, that is generated by a (local) Hamiltonian vector field (the Hamiltonian can be a multivalued function). In order to get a 1-valued function we need some additional exactness conditions: ω_t = dα_t (α_0 = α) and h^∗_t α_t = α + dS_t (S_0 = 0), where we take α_t = F^∗_t α. Notice that F̄^∗_t α = h^∗_t F^∗_t α = h^∗_t α_t = α+dS_t, and the deformation F̄_t is exact symplectic.

As a final comment, notice that when we interpolate we always loose one order of differentiability (if the symplectomorphism is C^k, the Hamiltonian vector field is C^{k−1}). This is not so strange. After all, the lift of a C^k diffeomorphism is a C^{k−1} symplectomorphism, and also the Hamiltonian lift of a C^k vector field is a C^{k−1} Hamiltonian vector field. We do not know whether this loss in the conclusion could be sidesteped using other methods.

Acknowledgments

I would like to thank prof. C. Simó, who helped me in the first part of this work, in my department in the University of Barcelona. I owe special thanks to prof. R. de la Llave for his suggestions, helpful discussions and encouragement, and also for the continuous revisions and comments on the different drafts of this paper. Also thanks to J. Vano for comments on a draft of this paper. The comments of the referees have also been very helpful.

Thanks also to the Department of Mathematics of the University of Texas at Austin for their hospitality.

This research has been supported by DGICYT grant PB 94–0215 (Spain). Partial support from EC grant ERBCHRXCT940460 and the Catalan grant CIRIT 1998SGR– 00042, is also acknowledged. The research carried out at U.T. Austin has also been sponsored by the Fulbright Program and the Generalitat de Catalunya (Spain).

References

[1] V.I. Arnold. Les méthodes mathemátiques de la mécanique classique. Mir, Moscou (1976). [2] V.I. Arnold, V.V. Kozlov, A.I. Neishtadt. Dynamical Systems III. Springer-Verlag (1988). [3] V.I. Arnold. Geometrical methods in the theory of ordinary differential equations. 2nd ed. Springer- Verlag (1998).

[4] A. Banyaga, R. de la Llave, C.E. Wayne. Cohomology equations near hyperbolic points and geometric versions of Sternberg linearization theorem. J. Geom. Anal. 6 (1996), no. 4, p. 613.

[5] M. Bialy, L. Polterovich. Hamiltonian systems, Lagrangian tori and Birkhoff’s theorem. Math.

Ann. 292 (1992), p. 619.

[6] Conley, Zehnder. The Birkhoff-Lewis fixed point theorem and a conjecture by V.I. Arnold. Invent.

Math 73 (1983), p. 33.

The primitive function of an exact symplectomorphism 20

[7] D. del-Castillo-Negrete, J.M. Morrison. Chaotic transport by Rossby waves in shear flow. Phys.

Fluids A 5 (1993), p. 918.

[8] A. Delshams, V. Gelfreich, A. Jorba, T.M. Seara. Exponentially small splitting of separatrices under fast quasiperiodic forcing. Commun. Math. Phys. 189, n. 1, p. 35 (1997).

[9] A. Delshams, R. de la Llave. KAM theory and a partial justification of Greene’s criterion for non-twist maps. To appear in SIAM Jour. Math. Anal.

[10] R. Douady. Une démonstration directe de l’équivalence des théorèmes de tores invariants pour difféomorphismes et champs de vectors. Comptes Rendus des Seances de l’Academie des Sciences, Serie I, Mathematique, 295 (1982), n. 2, p. 201.

[11] C. Falconini, R. de la Llave. A rigurous partial justification of Greene’s criterion. Jour. Stat. Phys., 67 (1992), p. 609.

[12] G. Gallavotti. Twistless KAM tori. Comm. Math. Phys. 164, n.1, p. 145 (1994). [13] V. Guillemin, S. Sternberg. Symplectic techniques in physics. Cambridge University Press (1996). [14] A. Haro. The primitive function of an exact symplectomorphism. Ph. D. Thesis, Universitat de Barcelona, 1998. www.maia.ub.es/dsg/1998/index.html.

[15] A. Haro. Converse KAM Theory for monotone positive symplectomorphisms. Nonlinearity 12 (1999), n. 5, p. 1299.

[16] A. Haro. A new algorithm to generate exact symplectomorphisms. Some numerical examples. In preparation.

[17] S. Kuksin, J. Pöschel. On the inclusion of analytic symplectic maps in Hamiltonian flows and its applications (in Seminar on dynamical systems, Progress in Nonlinear Differential Equations and Their Applications 12 (1994), Birkhäuser, p. 96.

[18] P. Libermann, C.M. Marle. Symplectic geometry and analytical mechanics. Mathematics and its applications (D. Reidel Publishing Company) (1987).

[19] R. de la Llave, J.M. Marco, R. Moriyon. Canonical perturbation theory of Anosov systems and regularity results for the Livsic cohomology equation. Annals of Mathematics 123 (1986), p. 573.

[20] R. de la Llave. Private communication (1999).

[21] R.S. MacKay. Greene’s residue criterion. Nonlinearity 5 (1992), p. 161.

[22] A. Morbidelli, A. Giorgilli. On a connection between KAM and Nekhoroshev’s theorems. Phys. D 86 (1995), no. 3, p. 514.

[23] J. Moser. The analytic invariants of an area-preserving mapping near a hyperbolic fixed point.

Comm. Pure Appl. Math 9 (1956), p. 673.

[24] J. Moser. Monotone twist maps and the calculus of variations. Ergodic Theory and Dynamical Systems 6 (1986), no. 3, p. 401.

[25] A.D. Perry, S. Wiggins. KAM tori are very sticky: rigorous lower bounds on the time to move away from an invariant Lagrangian torus with linear flow. Physica D71 (1994), p. 102.

[26] A.V. Pronin, D.V. Treschev. On the inclusion of analytic maps into analytic flows. Regul.

Khaoticheskaya Din 2 (1997), no. 2, p. 14.

[27] S. Tompaidis. Approximation of invariant surfaces by periodic orbits in high-dimensional maps:

some rigorous results. Experiment. Math. 5 (1996), no. 3, p. 197.

[28] A. Weinstein. Lectures on symplectic manifolds. CBMS regional conference series in Mathematics 29, American Mathematical Society, Providence (1977).