Dynamics on Hubbard Trees

Lluís Alsedà Departament de Matemàtiques Facultat de Ciències (Edifici Cc) Universitat Autònoma de Barcelona

08193 – Cerdanyola del Vallès Barcelona, Spain E-mail: alseda@mat.uab.es

Núria Fagella Departament de Matemàtiques Facultat de Ciències (Edifici Cc) Universitat Autònoma de Barcelona 08193 – Cerdanyola del Vallès Barcelona, Spain E-mail: nuria@mat.uab.es

Abstract

It is well known that the Hubbard tree of a postcritically finite complex polynomial contains all the combinatorial information of the polynomial. In fact, an abstract Hubbard tree as defined in [24] uniquely determines the polynomial up to affine conjugation. In this paper we study how much of the “dynamical information” is captured by the Hubbard tree of a quadratic Misiurewicz polynomial. More precisely, we study dynamical features such as entropy, transitivity or periodic structure of the polynomial restricted to the Hubbard tree, and compare them with the properties of the polynomial on its Julia set. Our results show that there is a strong connection between the renormalization properties of the polynomial and the mentioned dynamical features of the polynomial on its Hubbard tree. As a consequence of this relation we obtain criteria to check if a quadratic Misiurewicz polynomial is renormalizable by means of its Hubbard tree.

1 Introduction

In this paper we study the dynamical information that is captured by the Hubbard tree of a postcritically finite polynomial in the complex plane. In what follows we introduce notation and summarize the basic facts which are necessary to motivate and state the main results of this paper. For more details and general background we refer to [7, 8, 12, 16, 20, 26].

Let f be a complex polynomial and let z ∈ C . We will denote by O^+_f (z) the forward orbit of z under f, i.e. the set {f^n(z) | n ∈ N}. If f^k(z) = z for some k ∈ N then z is a periodic point. The smallest such k is called the period of z. If z is not periodic but O^+_f (z) is finite we say that z is preperiodic.

For a complex polynomial f of degree d ≥ 2 the point at infinity is a superattracting fixed point. This allows us to define the filled Julia set of f, denoted by K(f), as the complement

1991 Mathematics Subject Classification: Primary 34C35, 54H20.

Key words and phrases: Hubbard Trees, renormalization, Misiurewicz polynomials, transitivity, topological entropy.

of the basin of attraction of infinity. That is,

K = K(f) = {z ∈ C | O^+_f (z) is bounded}.

The filled Julia set is clearly compact and totally invariant (that is, f(K) = f^{−1}(K) = K). The common boundary of K(f) and the basin of attraction of infinity, is called the Julia set of f and denoted by J(f). The Julia set is also totally invariant and is the set of points where “chaotic dynamics” occur.

Next we are going to describe the basic properties of the Julia set with respect to periodic points, topological entropy and transitivity. The notion of topological entropy was introduced by Adler, Konheim and McAndrew in [1], which we refer to for a precise definition and basic properties (see also, for instance, [13] or [2]). In what follows, the topological entropy of a map f will be denoted by h(f). Next we recall the concept of transitivity. Let f : X −→ X be a continuous map of a compact metric space. We say that f is (topologically) transitive if for any two non-empty open sets U and V in X, there is a positive integer k such that f^k(U) ∩ V ≠ ∅. It is well known (see [29]) that if either X has no isolated points or f is onto, then f is transitive if and only if it has a dense orbit (i.e. if there exists x ∈ X such that O^+_f (x) is dense in X). When f^n is transitive for each n ∈ N then f is called totally transitive (see [6]).

The following proposition states some basic properties of the Julia set, all of which are well known (see for example [7]).

Proposition 1.1. For a complex polynomial f of degree d ≥ 2 the following statements hold.

(a) Periodic points are dense in J(f). (b) f | J(f) is totally transitive.

(c) The topological entropy of f | |_{J(f)} is log(d).

(d) f | |_{J(f)} has periodic points of each period except maybe period 2.

We say that a point ω ∈ C is a critical point of f if f^′(ω) = 0. Then, its orbit is called a critical orbit. The behavior of the critical points under iteration determine in many ways the topology of K(f) and the dynamics of f. As an example, let C(f) denote the set of critical points of f. Then, K(f) is known to be connected if and only if C(f) ⊂ K(f).

We are interested in the special case where the critical orbits are finite. We call these polynomials postcritically finite (or PCF for short) and they can be of three types. If all critical orbits are periodic then f is called a center. If the critical orbits are all preperiodic then f is called a Misiurewicz polynomial. In this case K(f) has empty interior and hence K(f) = J(f) (see [14]). Finally, a PCF polynomial could exhibit both types of critical orbits. In all cases K(f) is connected and locally connected (see [14]). In this paper, we are mainly concerned with Misiurewicz polynomials of degree two. Generalizations to higher degrees will be the object of a later paper.

A tree is a topological space which is uniquely arcwise connected and homeomorphic to the union of finitely many copies of the unit interval. Douady and Hubbard in [14] introduced a combinatorial description of the dynamics of PCF polynomials by representing each filled

Julia set as a tree, called the Hubbard tree. For Misiurewicz polynomials this is defined as follows. Given a subset A of J(f) we denote by [A] the convex hull of A in J(f), i.e. the smallest closed connected subset of J(f) that contains A.

Definition. Let f be a Misiurewicz polynomial and let Ω(f) = ⋃ ω∈C(f) O + f (ω) be the postcritical set which in this case is finite and contained in J(f). We define the Hubbard tree of f as

H(f) = [Ω(f)].

We note that each Hubbard tree is a tree. Indeed, for any two points x, y ∈ J(f), there is a unique Jordan arc in J(f) that joins x and y. The existence of this arc follows from the fact that J(f) is connected and locally connected in S^2 and the uniqueness from the fact that J(f) has empty interior and is simply connected. Therefore, since H(f) is the union of the Jordan arcs in J(f) joining x, y ∈ Ω(f), it follows that H(f) is a tree.

If T is a tree and x ∈ T , the valence of x is defined to be the number of components of T \ {x}. A point of valence 1 is called an endpoint and a point of valence greater than 2 is called a branching point. We define the set of vertices of H(f) as

V (f) = Ω(f) ∪ {v ∈ H(f) | v is a branching point}.

The closure of the arc in H(f) in between two consecutive vertices is called an edge. Note that any endpoint of H(f) belongs to Ω(f) and, hence, V (f) contains all points of H(f) with valence different from 2.

It is easy to check that the Hubbard tree is a forward invariant subset of the Julia set (see Lema 1.10 in [24]). The set of vertices is also forward invariant since Ω(f) is forward invariant and non-critical branching points must be mapped to branching points (because the map is a local homeomorphism). For this and other basic properties of Hubbard trees we refer to [24] although, in Section 2, we study the features that we use in proving the main results of this paper.

Remark 1.2. Hubbard trees are in fact defined for any PCF polynomial (see [14, 24]). If f is not Misiurewicz, it follows from the definition that the Hubbard tree intersects the basins of attraction of points of Ω(f) in K(f) \ J(f).

The interest of Hubbard trees lies on the fact that they contain all the combinatorial information of the polynomial. Indeed, Douady and Hubbard showed that if we retain the dynamics and the local degree of f on the set of vertices, the way the tree is embedded in the complex plane and a little bit of extra information (which we will not make precise here), then different PCF polynomials (not conjugated as dynamical systems) give rise to different Hubbard trees. A variation of the converse is also true and was proved in a general version by A. Poirier in [24].

In this context it is natural to ask the following question. Apart from the topological and combinatorial structure of the Julia set, which dynamical information is contained in the Hubbard tree? In this case, by dynamical information we mean those dynamical features as transitivity, topological entropy, density of periodic points and periodic structure. More

Figure 1: The Julia set and the Hubbard tree of f_{c1} , where c_1 = �1.430357 . . . .

precisely, which of the properties in Proposition 1.1 (if any) are still true when we consider the map f | |_{H(f)}? If the answer depends on the polynomial, what is a characterization of those polynomials for which those properties hold? We will see that these features are intimately related with the renormalization properties of the polynomial.

From now on the polynomial f is of degree two and therefore it is affine conjugated to one of the form f(z) := f_c(z) = z^2 + c for some c ∈ C . A quadratic polynomial f_c has only one critical point ω_0 = 0. We will denote the critical orbit by ω_0, ω_1, . . . where ω_i = f^i(0). If f is a center, as mentioned in Remark 1.2, the Hubbard tree has edges in the basin of attraction of the critical orbit. These edges cannot contain periodic points in their interiors. Thus, periodic points cannot be dense in this case and hence, f | |_{H(f)} is not transitive (see Proposition 2.8). With respect to the topological entropy and the set of periods, one can find examples of quadratic centers having zero entropy and finitely many periodic points. For this reason, from now on we consider only Misiurewicz polynomials. Hence, we assume that there exist n > 2 and 0 < k < n such that ω_n = ω_k.

In order to get some intuition on the different possible behaviors one can expect, we first look at some examples.

Example 1. Let c_1 = −1.430357 . . . . This parameter value is the last point of the period two copy of the Mandelbrot set on the real axis. The Julia set and Hubbard tree of the polynomial f_{c1} are shown in Figure 1. Note that E = [ω_1, ω_3] ∪ [ω_4, ω_2] is a proper forward invariant subset of H = H(f_{c1} ) and each point in the complement of E (in H), except a repelling fixed point of f_{c1} in (ω_3, ω_4), eventually falls in E. Consequently, periodic points cannot be dense in H and f_{c1} | H is not transitive (see Proposition 2.8). Moreover, any periodic point in H must have period multiple of two. On the other hand, by using Theorem 2.9 (see also [9]), it follows that h(f_{c1} | H ) =^{log 2}_4 .

Example 2. Let c_2 = −1.790327 . . . . The polynomial f_{c2} , whose Julia set and Hubbard tree are shown in Figure 2, can be found at the end of the small period three copy of the Mandelbrot set on the real axis. Note that E = [ω_1, ω_4]∪[ω_6, ω_3]∪[ω_5, ω_2] is a proper forward invariant subset of H = H(f_{c2} ). However, in this case, by using standard arguments (see [9]) one can check that there is an invariant Cantor set C in the complement of E (in H) which contains periodic points of all periods. Still there is an open dense set of preimages of E in H \ E. Consequently, periodic points cannot be dense in H and f_{c2} | |_H is not transitive. By

using the arguments above it follows that h(f_{c2} | |_H ) = log^{√5+1}_2 .

Figure 2: The Julia set and the Hubbard tree of f_{c2} , where c_2 = �1.790327 . . . .

Example 3. Let c_3 = −1.222863 . . . + i 0.316882 . . . . The Julia set and the Hubbard tree of f_{c3} are shown in Figure 3. It can be seen that in this case, the subtrees T_0 = [ω_5, ω_2, ω_4] and T_1 = [ω_5, ω_1, ω_3] are mapped to each other cyclically. Therefore, each of these trees is forward invariant by f^2_{c3} which implies that f^2_{c3} is not transitive. Hence, f_{c3} is not totally transitive. However, by using straightforward arguments it can be seen that f^2_{c3} | |_{T1} (and, hence, f 2_{c3} | |_{T0} ) is totally transitive, which implies the transitivity of f_{c3} (in fact, the transitivity of f_{c3} can be checked easily by using Theorem A). Consequently, periodic points are dense in H(f_{c3} ) (see Proposition 2.8) but their periods must be multiples of two. Concerning the entropy, by using the methods of the previous example, one can see that h(f_{c3} | H(fc3 )) = log 1.302160040 . . . .

Example 4. Let c_4 = 0.419643 . . . + i 0.606291 . . . . In Figure 4 the Julia set and Hubbard tree of f_{c4} are shown. As in the previous example one can see that f_{c4} is transitive on H(f_{c4} ); f^2_{c4} is not transitive because [ω_4, ω_2] is mapped by f_{c4} to [ω_3, ω_1] and viceversa; periodic points are dense but their periods can only be multiples of two, and h(f_{c4} | |_{H(fc4 )}) =^{log 2}_2 .

Example 5. Let c_5 = −0.228155 . . . + i1.115142 . . . (see Figure 5). We note that the map f_{c5} is conjugate to f^2_{c3} | |_{T0} . So, f_{c5} | |_{H(fc5 )} is totally transitive (this also can be checked by

Figure 3: The Julia set and the Hubbard tree of f_{c3} , where c_3 = �1.222863 . . . + i 0.316882 . . . .

Figure 4: The The Julia set and the Hubbard tree of f_{c4} , where c_4 = 0.419643 . . . + i 0.606291 . . ..

using Theorem B). Hence, periodic points are dense in H(f_{c5} ) and there is not, in principle, any restriction on the periods that may appear. Concerning the entropy though, we have h(f_{c5} | |_{H(fc5 )}) = 2h(f_{c3} | |_{T0} ) = 2 log 1.302160040 . . . .

Figure 5: The Hubbard tree of f_{c5} , where c_5 = �0.228155 . . . + i 1.115142 . . .

From the above examples we deduce that, in general, periodic points are not dense, f | H(f) is not totally transitive (sometimes not even transitive) and the entropy can be strictly smaller than log 2. However, they also show that this is not the case for all polynomials.

Before stating the main results of this paper we still need to recall some definitions (mainly following [19]).

Definition. Let f(z) = z^2 + c be such that J(f) is connected. For n > 1 we say that f^n is renormalizable (or that f is renormalizable for n > 1) if there exist open bounded sets U and V isomorphic to disks such that

(1) U ⊂ V , (2) f^n(U) = V and f^n : U −→ V is proper of degree two, i.e. every point in V has two preimages in U counted with multiplicity.

(3) f^{kn}(0) ∈ U for all k ≥ 0.

We define the small filled Julia set of the renormalization, K_n, as the points that never leave U under iteration of f^n.

It follows from the Straightening Theorem (see [15]) that there exists a unique (up to affine conjugation) quadratic polynomial Q such that f^n and Q are hybrid equivalent in neighborhoods of K_n and K(Q) respectively. We refer to [15] for a definition of a hybrid equivalence but we remark that, in particular, it means that f^n and Q are quasiconformally conjugate on the mentioned domain.

Hence the small filled Julia set K_n is homeomorphic to the actual filled Julia set of a quadratic polynomial (see Figure 6). We define the cycle

K_n(0) = K_n, K_n(1) = f(K_n(0)), . . . , K_n(n − 1) = f(K_n(n − 2)),

where f(K_n(n − 1)) = K_n(0). We call each set K_n(i) a small filled Julia set of the renormalization. McMullen in [19] showed that these sets can intersect each other in at most one single point which of course must be a fixed point of f^n.

Figure 6: The Julia set of f_c with c = −1.772892 . . . . The map f^3_c is renormalizable and the small filled Julia set is quasiconformally homeomorphic to the filled Julia set of f_{−1} (lower figure). This is an example of renormalization of disjoint type.

Definition. Let f(z) = z^2+c be such that K(f) is connected. We say that f is renormalizable of disjoint type if f is renormalizable for some n > 1 and all the small filled Julia sets K_n(i), 0 ≤ i < n are disjoint.

Let Per(f) = {n ∈ N | f has a periodic point of period n}. Recall that a set A ⊂ N is called cofinite in N, if N \ A is finite. We are now ready to state the main results of the paper.

Theorem A. Let f be a Misiurewicz polynomial of degree 2 and H(f) be its Hubbard tree. Then, the following statements are equivalent:

(a) f is not renormalizable of disjoint type. (b) Periodic points are dense in H(f). (c) The map f | |_{H(f)} is transitive.

(d) For all edge l of H(f), ⋃ n≥0 f^n(l) = H(f).

Theorem B. Let f be a Misiurewicz polynomial of degree 2 and let H(f) be its Hubbard tree. Then, the following statements are equivalent:

(a) f is non renormalizable.

(b) f | H(f) is totally transitive.

(c) For all edge l of H(f), there exists n > 0 such that f^n(l) = H(f).

Moreover, if f | H(f) is totally transitive then Per(f | H(f)) is cofinite in N.

We remark that the converse of the last statement of Theorem B is not true. Indeed, the map f_{c2} | H(fc2 ) from Example 2 has periodic points of all periods while it is not even

transitive. However, one can show that if f | H(f) is transitive but not totally transitive then

its set of periods is not cofinite in N.

We observe that Theorems A and B give an easy criterium to check if the polynomial f is renormalizable and, in that case, of which type. One only needs to construct the Hubbard tree and check the images of its edges. We also note that, in general, density of periodic points does not imply transitivity. It does though in the above cases.

Theorem C. Let f be a Misiurewicz polynomial of degree d ≥ 2 and let H(f) be its Hubbard tree. Then, h(f | |_{H(f)}) ≤ log d and the equality holds if and only if H(f) = J(f).

From [4, Theorem B] it follows immediately the following corollary of Theorem A.

Corollary 1.3. Let f be a Misiurewicz polynomial of degree 2 such that it is not renormalizable of disjoint type and let H(f) be its Hubbard tree. Then, h(f | |_{H(f)}) ≥ log 2 End(H(f))

where End(H(f)) denotes the number of endpoints of H(f).

Hence if a Misiurewicz polynomial f of degree 2 is not renormalizable of disjoint type, the entropy of the map f | |_{H(f)} is always bounded below by a positive quantity which depends on each particular polynomial. One might then ask whether there exists a universal lower bound for the topological entropy of such polynomials. The answer to this question is negative as shown in the following proposition.

Proposition D. There exists a family of non renormalizable quadratic Misiurewicz polynomials {g_n}_{n≥1} such that h(g_n | H(gn)) tends to zero as n tends to infinity.

In fact one can also find sequences of quadratic Misiurewicz polynomials verifying the same property which are either renormalizable of disjoint type or renormalizable of β–type (see Subsection 2.1 for a definition of these terms).

The rest of the paper is organized as follows. Section 3 contains the proofs of Theorems A, B and C, and Proposition D, while Section 2 is meant to be a summary of the definitions and tools needed for those proofs. These preliminaries are distributed into independent subsections, according to the subject they belong to.

Acknowledgements. We wish to thank A. Poirier and A. Douady for valuable discussions and C. Mannes and D. Sørensen for their help in the computer illustrations. The second author thanks the Centre de Recerca Matemàtica for their hospitality. Both authors have been partially supported by the DGICYT grant number PB93-0860.

2 Definitions and Preliminaries

2.1 Quadratic polynomials, renormalization and the Yoccoz puzzle

The Yoccoz puzzle (see for example [18, 21]) is a useful tool to deduce renormalization properties of quadratic polynomials. To define the Yoccoz puzzle we use an orthogonal set of coordinates in the basin of attraction of infinity: equipotentials and external rays. These coordinates are defined in the same way for polynomials of any degree d ≥ 2 with a connected Julia set.

Let f(z) = z^2 + c have a connected Julia set. Since the point at ∞ is a superattracting fixed point, the dynamics in its basin of attraction, A(∞), are very simple. One can find a holomorphic change of variables ψ_f : C \ D → A(∞) (called the Böttcher coordinates at infinity) that conjugates f | A(∞) to the map z → z

2 on the complement of the closed unit disk. This change is unique if we require the derivative at infinity to be one.

The image under ψ_f of a circle of radius exp(η) > 1 in C \ D is a simple closed curve in A(∞) called an equipotential of potential η. We denote the potential function defined this way by G(z) := G_f (z). Thus an equipotential of potential η is mapped 2 to 1 under f to an equipotential of potential 2η (see Figure 7). Parameterizing the arguments of the unit circle between 0 and 1, the image under ψ_f of a ray of argument t is called an external ray of argument t and denoted by R_f (t). Again, since ψ_f is a conjugacy, an external ray of argument t is mapped to an external ray of argument 2t (mod 1). Equipotentials and external rays give us orthogonal coordinates in the superattracting basin.

Figure 7: Böttcher coordinates, equipotentials and external rays.

From now on, we assume that both fixed points of f are repelling. Then one fixed point (to be called β) is the landing point of the external ray of argument zero and the other (called α) is the landing point of a cycle of q external rays where q ≥ 2 (see for example [20, 22]).

Remark 2.1. By a simple combinatorial argument on external rays, using that θ → 2θ (mod 1) is order preserving, one can show that 0, f(0), . . . , f^{q−1}(0) lie in different components of J(f) \ {α}. Suppose f is renormalizable for n > 1 as defined in Section 1 and let K_n(i) for 0 ≤ i < n be the small filled Julia sets. For 0 ≤ i < n we denote the boundary of K_n(i) by J_n(i). The sets J_n(i) are called the small Julia sets. Each of these small Julia sets is homeomorphic to the actual Julia set of the renormalized polynomial. Thus, each J_n(i) is f^n–forward invariant, and hence f(J_n(i)) = J_n(i + 1 (mod n)). We denote the α and β fixed points of J_n(i) (under f^n) by α_n(i) and β_n(i) for 0 ≤ i < n. From [19], the renormalization can only be of one of the following types.

(i) f^n is renormalizable of disjoint type if the small Julia sets are all disjoint. (ii) f^n is renormalizable of β–type if all intersections among small Julia sets occur at their β fixed points.

(iii) f^n is renormalizable of α–type or crossed type if all intersections among small Julia sets occur at their α fixed points.

We now give some examples (without proofs) of renormalizable polynomials of each type above.

Examples.

(i) The polynomial in Example 1 (see Figure 1) is renormalizable of disjoint type for n = 2 and of β–type for n = 4. Indeed, the subset E defined in the example has two disjoint components which are the Hubbard trees of the small Julia sets for f^2_{c1} . This map restricted to the right most component of E (which contains the critical point) is conjugate to z^2 −1.543689 . . . . On the other hand, f^4_{c1} restricted to [ω_4, ω_6] is conjugate to z^2 − 2.

(ii) The polynomial in Example 2 (see Figure 2) is renormalizable of disjoint type for n = 3.

Indeed, the subset E defined in the example has three disjoint components which are the Hubbard trees of the small Julia sets. The third iterate of f_{c2} restricted to the middle component (which contains the critical point) is conjugate to z^2 − 2.

(iii) The polynomial in Example 3 (see Figure 3) is renormalizable of β–type for n = 2. The second iterate of f_{c3} , restricted to the small Julia set, is conjugate to the polynomial in Example 5. The tree T_0 defined in the example is, under f^2_{c3} , the Hubbard tree of the renormalized map. Note that the small Julia set K_2(0) and its image, meet at their corresponding β–fixed points (β_2(0) = β_2(1)), which is the α–fixed point of f_{c3} .

(iv) The polynomial in Example 4 (see Figure 4) is renormalizable of crossed type for n = 2.

The arc [ω_2, ω_4] is the small Julia set J_2(0), homeomorphic to the Julia set of z^2 − 2. The two sets J_2(0) and J_2(1) = f(J_2) “cross” at their α fixed points, which is also the α–fixed point of f_{c4} .

(v) The polynomial in Example 5 (see Figure 5) is not renormalizable for any n > 1. As it was shown in [19], a small Julia set K_n(i), cannot contain the β–fixed point of the original polynomial, since that would make K_n(i) for i > 0 intersect K_n(0) in more than one point. In particular, when some iterate of the critical point hits the β–fixed point (as in this example), the polynomial is not renormalizable.

In what follows we define the Yoccoz puzzle construction and summarize its basic properties and applications, mainly following [21]. As always, let ω_0, ω_1, . . . be the critical orbit, where ω_i = f^i(0). Let G(z) be the potential function and set D = {z ∈ C | G(z) ≤ 1}. This is a compact set isomorphic to a disk that contains the filled Julia set. The Yoccoz puzzle of depth zero consists of the pieces P_0(ω_0), P_0(ω_1), . . . , P_0(ω_{q−1}) obtained by cutting the region

D along the q rays landing at α and labeling them so that the piece P_0(ω_i) contains the point ω_i. Each piece is a compact set whose boundary contains the α fixed point, two segments of external rays and a piece of ∂D (see Figure 8).

Figure 8: Some pieces of the Yoccoz puzzle of f_{c5} of Example 5.

The puzzle pieces of depth d > 0 are defined by induction as the connected components of f^{−1}(P ) where P ranges over all puzzle pieces of depth d − 1. The puzzle pieces of depth d have disjoint interiors and each of them is contained in a unique piece of depth d − 1. Any point z ∈ K(f) which is not a preimage of α is contained in a unique puzzle piece at each depth, which we denote by P_d(z).

In the next section we will use the following three lemmas to deduce renormalization of disjoint type, β–type and crossed type respectively. We always assume that f is a quadratic polynomial with a connected Julia set, with both fixed points repelling and q external rays landing at α.

Lemma 2.2 (Lemma 2 of [21]). Suppose the orbit of the critical point avoids the α fixed point. If P_d(0) = P_d(ω_p) for all depths d and some p > 1 then f^p is renormalizable.

Lemma 2.3 (Lemma 3 of [21]). If the critical orbit is entirely contained in the closure of P_1(ω_0) ∪ P_1(ω_1) ∪ · · · ∪ P_1(ω_{q−1}) (that is, of the union of the puzzle pieces of depth one that touch the fixed point α), then f^q is renormalizable of disjoint type or β–type.

Lemma 2.4. If there exists n ∈ N such that n divides q, 2n ≤ q and {ω_{nk}}_{k∈}N lies entirely in the closure of

P_1(0) ∪ P_1(ω_n) ∪ · · · ∪ P_1(ω_{q−n}) ∪ P_1(−ω_n) ∪ P_1(−ω_{2n}) ∪ · · · ∪ P_1(−ω_{q−n}), then f^n is renormalizable.

The proofs of the lemmas above make use of the so called thickened puzzle pieces. Intuitively, a thickened puzzle piece ^P_0(ω_i) (for 0 ≤ i ≤ q) is a slight enlargement of the puzzle piece P_0(ω_i) (see Figure 9^1 and [21] for details). By the usual inductive procedure, the thickened puzzle pieces of depth d > 0 are the connected components of f^{−1}( ^P ), where ^P ranges over all the thickened puzzle pieces of depth d − 1. The main virtue of these thickened pieces is the following: If a puzzle piece P_d(z) contains P_{d+1}(z) then the corresponding thickened puzzle piece ^P_d(z) contains ^P_{d+1}(z) in its interior. Indeed, in all the the three lemmas above one can find puzzle pieces (p_d(0) for d large enough in the case of Lemma 2.2 and P_1(0) in the case of Lemma 2.3) that satisfy all the requirements in the definition of a renormalizable map, except for the fact that these pieces are contained, but not compactly contained, in their images under the appropriate iterate of f. The use of thickened pieces takes care of this problem.

Figure 9: Sketch of a puzzle piece P_0(ω_i) and its corresponding thickened puzzle piece ^P_0(ω_i).

Remark 2.5. Lemma 3 of [21] (Lemma 2.3 here) is included in a chapter where it is generally assumed that the critical orbit does not hit the fixed point α. To prove it though, one only needs to work with thickened pieces up to level one and hence this assumption is not necessary.

Proof of Lemma 2.4. Set U^′ = P_n(0) ∪ P_n(ω_n) ∪ P_n(ω_{2n}) ∪ · · · ∪ P_n(ω_{q−n}) ∪ P_n(−ω_n) ∪ P_n(−ω_{2n}) ∪ · · · ∪ P_n(−ω_{q−n}) and V^′ = P_0(ω_n) ∪ P_0(ω_{2n}) ∪ P_0(ω_{3n}) ∪ · · · ∪ P_0(0).

Notice that the pieces P_0(ω_n), P_0(ω_{2n}), . . . , P_0(ω_{q−n}) do not contain any n^{th} (or smaller) preimage of α, so the rays bounding P_n(ω_i) are the same as the ones bounding P_0(ω_i), for i = n, 2n, . . . , q − n (see Figure 10).

1Although this figure has been made by the authors, the design is obtained from [21].

Figure 10: Sketch of the construction in the proof of Lemma 2.4 for n = 3 and q = 6.

It is easy to check that U^′ ⊂ V^′ and that f^n maps U^′ in V^′ with degree two. Moreover, the orbit of the critical point (under f^n) is contained in U^′. To conclude that f^n is renormalizable we would need to see that U^′ is contained in the interior of V^′ and that the critical orbit (under f^n) is entirely contained in the interior of U^′ (which is not the case if the orbit hits the fixed point α). This is obviously not true but if we replace all puzzle pieces by thickened puzzle pieces then all requirements are satisfied.

2.2 Hubbard Trees

Let f be a Misiurewicz polynomial of degree d ≥ 2 and let H(f) be its Hubbard tree. To ease notation, in the rest of this subsection, we set H = H(f). The following proposition states some properties of Hubbard trees that we will need in the proofs of the main theorems. For a complete description we refer to [24]. In what follows, when speaking about the interior of [x, y] we will rather mean the set [x, y] \ {x, y} instead of the usual topological interior.

Proposition 2.6. Let f be a Misiurewicz polynomial of degree d ≥ 2 and let H be its Hubbard tree.

(a) If the interior of [x, y] does not contain a critical point then f is one to one on [x, y]. (b) Preperiodic points are dense in H.

(c) Let x, y ∈ H be two preperiodic points. Then, there exists n > 0 such that the interior of [f^n(x), f^n(y)] contains a critical point.

(d) Given x, y ∈ H there exists n > 0 such that [f^n(x), f^n(y)] contains a whole edge of H.

Moreover, when d = 2,

(e) H has no invariant subtree.

(f) The fixed point α of f is a point of H of valence greater than one.

Proof. Statement (a) is trivial. To show (b), let x, y ∈ H and assume that [x, y] contains no preperiodic point in its interior. Choose t in the interior of [x, y] and choose q ∈ J(f), periodic and sufficiently close to t so that q can be joined with H by an arc in J(f) through a point in the interior of [x, y] (this is possible because J(f) is connected and locally connected, H ⊂ J(f) and periodic points are dense in J(f)). Let p be the joining point in the interior of [x, y]. It follows that J(f) \ {p} has more than two connected components. For a PCF polynomial, every such point is preperiodic (see Prop. 3.2 in [24]). Hence p is preperiodic contradicting the assumption that [x, y] contained no preperiodic point in its interior.

Statement (c) is Proposition 1.18 in [24] but we include its proof for completeness. Assume the conclusion is false. Then, the interior of [x, y] contains no preimage of a critical point and hence f^m is injective on [x, y] for all m > 0. By taking high enough iterates we may assume that x and y are periodic. Let m be the least common multiple of the periods of x and y. Since there are a finite number of fixed points of f^m, we may assume that [f^m(x), f^m(y)] = [x, y] does not contain any other one. But both endpoints are repelling (since f is Misiurewicz) and f^m is a homeomorphism of [x, y] onto itself. It follows that there must be another fixed point of f^m in its interior in contradiction with what was assumed.

To show (d), take two different preperiodic points in the interior of [x, y]. This is possible by part (b). By Statement (c), there exists k > 0 such that [f^k(x), f^k(y)] contains a vertex in its interior (recall that each critical point is a vertex by definition). If it contains two vertices we are done. Otherwise, let v be the unique vertex in the interior of [f^k(x), f^k(y)] and apply the above procedure again to [v, f^k(y)], to obtain n > 0 such that [f^n(v), f^{n+k}(y)] contains a vertex v^′ in its interior. Then, since the set of vertices is forward invariant, we have that [f^n(v), v^′] contains the desired edge.

To see (e) let T ⊆ H be an invariant subtree of H (i.e. a nonempty, compact, connected, forward invariant subset of H). Applying part (c) we obtain that T must contain the critical point and hence the critical orbit. Thus, since T is connected, the convex Hull of the critical orbit, i.e. the Hubbard tree H must be contained in T and we are done.

As we saw in the preceding section (see Remark 2.1), ω_0 and ω_1 belong to different components of J(f) \ {α}. Hence, by definition, α ∈ [ω_0, ω_1] ⊂ H. This proves (f).

2.3 Transitive maps on trees

This subsection is summarizes some results and techniques about continuous maps on trees. The first proposition shows that a transitive non-totally transitive map gives a useful decomposition of the space. Its proof follows from a more general theorem of Blokh (for nonconnected graphs) stated in [11] and proved in [10] (see also [6] for a version of this result for locally connected compact metric spaces).

Proposition 2.7. Let T be a tree and let f : T −→ T be transitive. Then, either f is totally transitive or there exist X_0, X_1, . . . , X_{k−1} closed, connected subsets of T with nonempty interior and a fixed point y of f of valence larger than or equal to k such that

(a) T = ⋃_{k−1} i=0 X_i, (b) X_i ∩ X_j = {y} for all i ≠ j, (c) f(X_i) = X_{i+1 (mod k)} for i = 1, . . . , k − 1.

In particular, f^k | |_{Xi} is transitive for all i ∈ {0, 1, . . . , k − 1}.

The next result is proved by Blokh in [11] when the space is a graph, by using a spectral decomposition (and in [5] for other types of metric spaces).

Proposition 2.8. Let T be a tree and let f : T −→ T be transitive. Then the set of periodic points of f is dense.

The rest of this subsection outlines a common technique to compute the topological entropy of tree maps which are “monotone” restricted to each of its edges.

Let f : T −→ T be a tree map and let P ⊂ T be a finite forward invariant set of f which contains all endpoints and branching points of f. The closure of a connected component of T \ P will be called a P –basic interval. Notice that each P –basic interval is homeomorphic to a closed interval of the real line. The f–graph of P is the oriented generalized graph having the P –basic intervals as vertices and arrows working as follows. If K and L are P –basic intervals and K has m subintervals with pairwise disjoint interiors such that the f–image of each of these intervals contains L, then there are m arrows from K to L. The transition matrix of the f–graph of P is the matrix of size equal to the number of P –basic intervals such the the i, j–entry is the number of arrows from the vertex i to the vertex j. If M is such a matrix, let its largest eigenvalue be denoted by ρ(M). We note that, since M is a non-negative integral matrix, in view of the Perron–Frobenius Theorem (see [17]), ρ(M) is in fact the spectral radius of M. The map f is called P –monotone if the image of each P –basic interval is homeomorphic to a closed interval of the real line and is monotone considered as an interval map.

The next result gives the desired formula for the topological entropy of a P –monotone map. It can be proved in a similar way to [2, Theorems 4.4.3 and 4.4.5].

Theorem 2.9. Let f : T −→ T be a tree map and let P ⊂ T be a finite forward invariant set of f which contains all endpoints and branching points of f. Let M denote the transition matrix of the f–graph of P . Then h(f) ≥ log(ρ(M)). Moreover, if f is P –monotone then h(f) = max{0, log ρ(M)}.

3 Proofs of the Main Results

Let f be a quadratic Misiurewicz polynomial and set H = H(f). For the proof of Theorem A we need the following three lemmas.

A closed subset I H is called proper if Int(I) ≠ ∅. Note that the interior of the complement of any proper set is also non-empty.

Lemma 3.1. Let I be a proper, forward invariant subset of H. Then, there exists a forward invariant set E ⊆ I which is a finite union of edges of H (in particular E is also proper).

Proof. Since the interior of I is nonempty, we can choose x, y ∈ I such that [x, y] ⊂ I. By part (d) of Proposition 2.6, there exists n > 0 such that [f^n(x), f^n(y)] ⊂ f^n([x, y]) contains a whole edge of H. Since I is invariant it follows that I contains an edge, which we denote by l. Then, since the set of vertices is invariant, the set E = ⋃ n≥0 f^n(l) is obviously the union of a finite number of edges and is a proper, forward invariant subset of I.

Lemma 3.2. Any proper, forward invariant set E ⊂ H must contain the critical point of f. Moreover, E is not connected.

Proof. The first statement follows from parts (b) and (c) of Proposition 2.6. Moreover, if E were connected, it would be an invariant subtree of H (since it is proper and closed); in contradiction with part (e) of Proposition 2.6.

Lemma 3.3. Suppose f^n is renormalizable for some n > 1 and let J_n(i) for 0 ≤ i ≤ n − 1 be the small Julia sets. Then, the set J_n(i) ∩ H has non-empty interior for all 0 ≤ i ≤ n − 1.

Proof. It suffices to show that J_n(0) ∩ H contains at least two points. Indeed, since J_n(i) ∩ H is connected and simply connected it follows that if x, y ∈ J_n(0) ∩ H with x ≠ y, then [x, y] ⊂ J_n(0) ∩ H. Moreover, f^k([x, y]) ⊂ J_n(k) ∩ H has non-empty interior for all 0 ≤ k ≤ n − 1 because f is non constant.

So, let us assume that J_n(0) ∩ H contains only one point. Since 0 ∈ J_n(0) ∩ H it follows that this point must be ω = 0. But J_n(0) is invariant by f^n and so is H. Hence, f^n(0) = 0 which contradicts the fact that f is Misiurewicz.

Now we are ready to prove Theorem A.

Proof of Theorem A. We denote by (a’), (b’), (c’) and (d’) the opposite statements to (a), (b), (c) and (d) respectively. We will prove Theorem A by showing

(a’) =⇒ (b’) =⇒ (c’) =⇒ (d’) =⇒ (a’).

To show (a’) ⇒ (b’), assume that f^n is renormalizable of disjoint type for some n > 1. For i = 0, 1 . . . , n − 1 let J_n(i) be the small Julia sets and set E_i = J_n(i) ∩ H which have non-empty interior because of Lemma 3.3. Set E = ⋃ 0≤i≤n−1 Ei. Then, E is a closed,

forward invariant subset of H. Moreover, E ≠ H because the E_i’s are disjoint (since the renormalization is of disjoint type) and H is connected.

Since f(E_i) = E_{i+1 (mod n)} and the E_i’s are disjoint it follows that α /∈ E. Let C be the connected component of H \ E that contains the fixed point α. Since E ≠ H and E is closed it follows that C is open (in H). If C is invariant then the closure of C is a proper invariant subtree, in contradiction with Proposition 2.6(e). Hence, f(C) ≠ C. Note that f(C) is open, connected and intersects C. Therefore C contains open sets whose image is contained in E. These sets cannot contain any periodic point of f, so periodic points are not dense in H.

The fact that (b’) implies (c’) follows from Proposition 2.8.

To show (c’) ⇒ (d’), assume f is not transitive on H. Then, there exist two open sets U and V in H such that f^k(U) ∩ V = ∅ for all k ∈ N. Then, the set I = ⋃ k∈N f^k(U) is proper

(since V ∩ I = ∅) and forward invariant. By Lemma 3.1 we may assume that I contains an edge l. Then, ⋃ k∈N f^k(l) ⊆ I H. Finally we prove (d’) ⇒ (a’). Let l ⊂ H be the edge such that E := ⋃ n∈N f^n(l) H.

Since the set of vertices is forward invariant we have that E is a finite union of edges and hence closed. Also note that E is proper and forward invariant. Thus, by Lemma 3.2, E is disconnected and contains the critical point. Let E_0, E_1, . . . , E_{p−1} be a cycle of (pairwise different) connected components of E such that ω_0 ∈ E_0 and f(E_i) = E_{i+1} for i = 0, 1 . . . , p− 2. To see that such a cycle exists note that since E has finitely many connected components there must be a cycle among them. Also, by Proposition 2.6(c) this cycle has to contain the critical point. Without loss of generality we may assume that p is the smallest possible number satisfying these properties and that ω_0 ∈ E_0. Moreover, p must be larger than one for E_0 cannot be an invariant subtree by Proposition 2.6(e). Therefore ω_0 and ω_p = f^p(ω_0) lie inside E_0.

Now E, and in particular E_0, cannot contain any preimage of α. Indeed, that would imply that α belongs to all of the E^′_is, contradicting the fact that they are disjoint. Hence the arc [ω_0, ω_p] does not contain any preimage of α. This implies that P_d(ω_p) = P_d(0) for all depths d, where these are the Yoccoz puzzle pieces defined in Section 2. Indeed, pieces with disjoint interiors only have preimages of α as common boundary on the Julia set. By Lemma 2.2, f^p is renormalizable. It is easy to check that this renormalization is of disjoint type since the puzzle piece ^P_d(0), for d large enough, does not contain E_i for any i ≠ 0.

Proof of Theorem B. Let (a’), (b’), (c’) denote the opposite statements to (a), (b) and (c). We will prove Theorem B by showing

(a’) =⇒ (c’) =⇒ (b’) =⇒ (a’),

and (b) implies that the set of periods of f | H is cofinite in N.

To see that (a’) ⇒ (c’), suppose that f^n is renormalizable for some n > 1 and let J_n(i), 0 ≤ i < n be the small Julia sets. Define E_i = J_n(i) ∩ H and let E = ⋃ i E_i. Recall that the sets E_i have non-empty interior by Lemma 3.3. Since the union of the small Julia sets is invariant and so is H, it follows that E is invariant. Moreover, E_i ∩ E_j consists of at most one point, for all i ≠ j (see Subsection 2.1) and hence, E_i ≠ H for all i. By part (d) of Proposition 2.6, E must contain an edge which we denote by l. If, say, l ∈ E_0, it follows that f^k(l) ∈ E_{k (mod n)} for all k ≥ 0. Hence we have f^k(l) ≠ H for all k ∈ N.

To show (c’) ⇒ (b’), suppose that there exists l an edge of H such that f^n(l) ≠ H for all n ∈ N. If l is not contained in ⋃ n∈N f^n(f(l)) (which is a union of edges because the set of vertices is invariant), then f is not transitive (by definition) and we are done. So, there exists t ≥ 1 such that l ⊂ f^t(l). We will show that f^t is not transitive. Clearly we have an increasing sequence of sets l ⊂ f^t(l) ⊂ f^{2t}(l) ⊂ f^{3t}(l) ⊂ · · · , such that, by hypothesis, f^{kt}(l) ≠ H for all k ∈ N. Therefore, we have k⋃ i=0 (f^t)^i(l) = f^{kt}(l) ≠ H

for each k ∈ N and each of the sets ⋃_k i=0(f^t)^i(l) is a union of edges. Therefore, ⋃ i∈N(f^t)^i(l) ≠

H because H has a finite number of edges. Consequently, f^t is not transitive by definition and so f is not totally transitive.

Finally we show (b’) ⇒ (a’). We note that if f is not transitive then it is renormalizable of disjoint type by Theorem A. So, we may assume that f is transitive. We divide the proof in two cases: the case where −α is not in the interior of H and the case where it is.

Case 1. If −α /∈ Int(H) it follows that the orbit of the critical point is entirely contained in the closure of the puzzle pieces of depth one that touch the fixed point α (see Section 2). Indeed, if ω_n ∈ ⋃_{q−1} i=1 P_1(−ω_i) for some n, then [ω_0, ω_n] must contain −α in its interior.

Hence we may apply Lemma 2.3 to conclude that f^q is renormalizable. We remark that this renormalization is of β–type for it cannot be of disjoint type since f is transitive (see Theorem A).

Case 2. To deal with this case we need to introduce some notation. Let L_0 be the closure of the connected component of J(f)\{α, −α} that contains the critical point, let L_1, L_2, . . . , L_{q−1} be the closures of the connected components of J(f) \ {α} that do not contain L_0 labeled in such a way that f(L_i) = L_{i+1} for 0 ≤ i < q − 1. Let also L^′_i = −L_i. Then, f(L_{q−1}) = L_0 ∪ (⋃_{q−1} i=1 L^′_i ) . Clearly, H ∩ L_i is nonempty for all 0 ≤ i ≤ q − 1 and since we are assuming that −α belongs to the interior of H, we have that H ∩L^′_i is nonempty for some 0 ≤ i ≤ q −1. For i in this range, let H_i = H ∩ L_i and H^′_i = H ∩ L^′_i (which might be empty).

Since f | |_H is transitive but not totally transitive, in view of Proposition 2.7 there exist X_0, X_1, . . . , X_{n−1} closed, connected subsets of H with nonempty interior such that H = ∪^{n−1}_{i=0} X_i, X_i ∩ X_j = {α} for all i ≠ j and f(X_i) = X_{i+1 (mod n)} for i = 1, . . . , n − 1. We also may assume that X_0 is such that 0 = ω_0 ∈ X_0. Clearly, each connected component of H \ {α} is contained in some X_i. Since ω_i = f^i(0) ∈ H_i for all 0 ≤ i ≤ q − 1, it follows by a simple combinatorial argument that the partition must be as follows. X_0 = H_0 ∪ H_n ∪ H_{2n} ∪ · · · ∪ H_{q−n} ∪ H^′_n ∪ H^′_{2n} ∪ · · · ∪ H^′_{q−n} X_1 = H_1 ∪ H_{n+1} ∪ H_{2n+1} ∪ · · · ∪ H_{q−n+1} . . X_{n−1} = H_{n−1} ∪ H_{2n−1} ∪ H_{3n−1} ∪ · · · ∪ H_{q−1}, where all the H^′_i except one could be empty. It is clear that for the partition to exist we need that n divides q. If q = n then any H^′_i contained in X_0 must be mapped to X_1 = H_1. Since there does not exist such H^′_i it follows that q ≥ 2n. It follows easily that we are under the hypothesis of Lemma 2.4, and hence f^n is renormalizable. We remark that this renormalization is of α–type. Indeed, ω_n = f^n(0) belongs to H_n and hence [0, ω_n] ⊂ J_n(0). Since H_i ∩ H_j = {α} for all i ≠ j, we have that α belongs to the interior of this arc. Hence, it follows that α must be the α–fixed point of J_n(0). On the other hand α belongs to f([0, ω_n]) which is included in J_n(1), so J_n(0) ∩ J_n(1) = {α}.

The last step of the proof of Theorem B is to show that (b) implies that the set of periods of f | |_H is cofinite in N. In order to show this we need some preliminary definitions. Given a periodic orbit P of f | H we define the map f_{[P ]} : [P ] −→ [P ] as f_{[P ]} = r ∘ f | H where r : H −→ [P ] is the natural retraction from H onto [P ]. Choose a fixed point y of f_{[P ]} where we let P be a periodic orbit of f | H with period larger than one. We say that P has a division with respect to y if there exist M_0, M_1, . . . , M_{l−1} such that

(i) l ≥ 2, (ii) each M_i is a union of connected components of [P ] \ H_{P,y}, where H_{P,y} denotes the connected component of [P ] \ P which contains y, (iii) f(M_i ∩ P ) ⊂ M_{i+1 (mod l)}.

From [3, Theorem A], if a continuous map from a tree to itself has a periodic orbit P having no division with respect to any fixed point of f_{[P ]}, then the set of periods of such a map is cofinite in N. So, in view of [3] we only have to show that such a periodic orbit exists for f | |_H .

The strategy will be to construct a periodic orbit P that shadows the orbits of all vertices of H. For such an orbit, α will be the only fixed point of f_{[P ]}. If P had division with respect to α it would imply that a partition as in Proposition 2.7 can be obtained, contradicting the assumption of total transitivity. To construct this orbit we proceed as follows.

Set ~V = V (f) ∪ {α}, where α denotes the α–fixed point of J(f) and V (f) is the set of vertices of H. In view of the fact that V (f) is invariant and finite there exist x_1, x_2, . . . , x_k� ∈ ~V such that x_i /∈ O+(x_j) for i ≠ j and ~V = ∪k�_{i=1}O+(x_i). Moreover, for each i = 1, 2, . . . , k∗ denote by n_i the cardinal of O^+(x_i). Now let us choose a neighborhood U of α in H such that U ∩ ~V = {α}. If v denotes the valence of α, then U is homeomorphic to a star of v branches having α as a branching point. Let us choose v points, one in each connected component of U \ {α}, and denote them by x_k�_{+1}, x_k�_{+2}, . . . , x_k�_{+v}. We also set k = k^∗ + v, n_k�_{+1} = n_k�_{+2} = · · · = n_k�_{+v} = 0 and V^+ = ~V ∪ {x_k�_{+1}, x_k�_{+2}, . . . , x_k}. Note that, for each i ∈ {1, 2, . . . , k} and j ∈ {0, 1, . . . , n_i} we have f^j(x_i) ∈ V^+. Moreover, f^j(x_i) = f_m(x_i) for some m < j if and only if j = n_i and i ∈ {1, 2, . . . , k^∗}.

By continuity of f and the fact that f is holomorphic it follows that for each i ∈ {1, 2, . . . , k} we can chose an open neighborhood U_i of x_i (in H) such that f^j(U_i) is open and f^j(U_i) ∩ V^+ = {f^j(x_i)} for each j ∈ {0, 1, . . . , n_i}. Moreover we also require f^l(U_i) ∩ f^m(U_j) = ∅ for all i, j ∈ {1, 2, . . . , k}, l ∈ {0, 1, . . . , n_i} and m ∈ {0, 1, . . . , n_j} such that f^l(U_i) ∩ V^+ ≠ f^m(U_j) ∩ V^+.

Now set W_k = U_k. Then, since f | H is transitive, there exists l_k > 1 such that f^{−lk} (W_k) ∩ f^{nk}�^1(U_{k−1}) ≠ ∅. So, the set W_{k−1} = f^{−lk−nk}�^1 (W_k) ∩ U_{k−1} (when chosen the appropriate branches of the inverse) is open and non-empty. We iterate this procedure until we get an open set W_1 ⊂ U_1. By Proposition 2.8 there exists a periodic point z ∈ W_1 of f | H with period larger than 1. Set P = O^+(z). By construction of the sets W_i we see that for each i ∈ {1, 2, . . . , k} and j ∈ {0, 1, . . . , n_i} there exists a point t_{i,j} ∈ P such that t_{i,j} ∈ f^j(U_i) and t_{i,j} = f(t_{i,j−1}) when j > 0. Therefore, by the choice of x_k�_{+1}, x_k�_{+2}, . . . , x_k and U_k�_{+1}, U_k�_{+2}, . . . , U_k it follows that α ∈ [t_k�_{+1,0}, t_k�_{+2,0}, . . . , t_{k,0}] ⊂ [P ]. Moreover, it is not difficult to see that α is the only fixed point of f_{[P ]}.

To end the proof of the theorem we only have to show that P has no division with respect to α. Otherwise, there exist M^′_0, M^′_1, . . . , M^′_{l−1} verifying (i–iii) above. Note that, by construction, H_{P,α} ⊂ [t_k�_{+1,0}, t_k�_{+2,0}, . . . , t_{k,0}] and it is homeomorphic to a star of v branches having α as the branching point. For each i ∈ {0, 1, . . . , l − 1} let M_i be the unique union of connected components of H \ H_{P,y} such that M_i ∩ [P ] = M^′i.

We claim that f(M_i ∩ V (f)) ⊂ M_{i+1 (mod l)} ∪ {α} for i = 0, 1, . . . , l − 1. To prove this fact note that, by choice of the sets U_i, H_{P,α} ∩ f^j(U_i) = ∅ for each i ∈ {1, 2, . . . , k^∗} and j ∈ {0, 1, . . . , n_i} such that α /∈ f^j(U_i). Consequently, since each of the sets M_r is in the complement of H_{P,α}, it follows that (*) if for some r ∈ {0, 1, . . . , l −1}, i ∈ {1, 2, . . . , k^∗} and j ∈ {0, 1, . . . , n^i} we have α /∈ f^j(U^i) and M_r ∩ f^j(U_i) ≠ ∅ then f^j(U_i) ⊂ M_r.

Now fix r ∈ {0, 1, . . . , l − 1} and a point in M_r ∩ V (f). Since α ∈ H_{P,α} and M_r is contained in the complement of H_{P,α}, this point is of the form x_{i,j} = f^j(x_i) ∈ f^j(U_i) with i ∈ {1, 2, . . . , k^∗}, j ∈ {0, 1, . . . , n_i − 1} and α ≠ x_{i,j}. In particular we have α /∈ f^j(U_i). We have to show that f(x_{i,j}) ∈ M_{r+1 (mod l)} ∪{α}. If f(x_{i,j}) = α we are done. So, we assume that f(x_{i,j}) ≠ α. By (*), f^j(U_i) ⊂ M_r. Hence, t_{i,j} ∈ M_r and, thus, f(t_{i,j}) ∈ M_{r+1 (mod l)}∩f^{j+1}(U_i) by (iii). Also, since f^{j+1}(U_i) ∩ V^+ = {f(x_{i,j})} and f(x_{i,j}) ≠ α we get α /∈ f^{j+1}(U_i). Hence, again by (*), f(x_{i,j}) ∈ f^{j+1}(U_i) ⊂ M_{r+1 (mod l)}. This ends the proof of the claim.

Now set ~M_i = [M_i ∪ {α}]. From the claim above, the fact that V (f) contains the critical point of f and Proposition 2.6(a) it follows that if L is the closure of a connected component of H \ ~V then L ⊂ ~M_s for some s ∈ {0, 1, . . . , l − 1} and f(L) ⊂ ~M_{s+1 (mod l)}. In other words, f( ~M_s) ⊂ ~M_{s+1 (mod l)}. Consequently, ~M_0, ~M_1, . . . , ~M_{l−1} give a partition as in Proposition 2.7 and hence f | |_H cannot be totally transitive.

Proof of Theorem C. By Proposition 1.1(c) and [2, Lemma 4.1.3] we get h(f | H ) ≤ h(f | J(f)) = log d,

because H ⊂ J(f) and H is forward invariant. So, we only have to show that h(f | |_H ) < log d whenever H ≠ J(f). To this end we will use the techniques from Section 2.3 (see also [9], [2, Section 4.4]). Let M be the matrix of the f–graph of V (f). From the fact that V (f) contains the critical point of f and Proposition 2.6(a), it follows that f is V (f)–monotone. Hence, by Theorem 2.9, h(f | H ) = max{0, log(ρ(M))}. Thus, it is enough to prove that if H ≠ J(f) then ρ(M) < d. So, in what follows we assume that H J(f) and, to simplify notation, we will denote f | H by φ.

We claim that for each x ∈ H there exists n(x) ∈ N such that Card(φ^{−n(x)}(x)) < d^{n(x)}, where Card(·) denotes the cardinality of a set. To prove the claim we assume the contrary. Then, there exists z ∈ H such that Card(φ^{−m}(z)) ≥ d^m for each m ∈ N. Note that Card(f^{−m}(z)) = d^m for each m ∈ N. Hence, φ^{−m}(z) = f^{−m}(z) for each m ∈ N. On the other hand, since H ⊂ J(f), it is closed, and the preimages of any point are dense in J(f) (see for example [7]), then

J(f) = ∪^∞_{m=1}f^{−m}(z) = ∪^∞_{m=1}φ^{−m}(z) ⊂ H;

a contradiction. This ends the proof of the claim.

From Proposition 2.6(a) and the fact that V (f) is invariant it follows that if L is an edge of H and U is an open set (in H) contained in the interior of an edge then either f(L)∩U = ∅ or f(L) ⊃ U. The inductive use of this fact shows that each point in the interior of an edge has the same number of preimages by φ^m for each m ∈ N. So, by the above claim, for each edge L there exists a positive integer n(L) such that for each x in the interior of L we have that Card(φ^{−n(L)}(x)) < d^{n(L)}. Note that, for each m ≥ n(L) we have

Card(φ^{−m}(x)) = Card(φ^{−m+n(L)}(φ^{−n(L)}(x))) = Card ⋃ y∈φ�n(L)_{(x)} φ^{−m+n(L)}(y) ≤ d^{m−n(L)}Card(φ^{−n(L)}(x)) < d^{m−n(L)}d^{n(L)} = d^m. Therefore, for all ν > max n(L) where L ranges over all edges of H, we have Card(φ^{−ν} (x)) < d^ν for each x ∈ H \ V (f). Consequently, by [2, Lemma 4.4.1], the sum of each column of M^ν is smaller than d^ν. So, there exists γ < d such that the sum of each column of M^ν is smaller than γ^ν. Let v denote the vector of size r (where r denotes the order of the matrix M) which has all entries equal to 1. Clearly, vM^ν ≤ γ^νv. By induction we have vM^{lν} ≤ γ^{lν}v for each

l ∈ N. Hence, the sum of all entries of M^{lν} is vM^{lν}v^′ ≤ γ^{lν} vv^′ = rγ^{lν}, where v^′ denotes the

transpose of v. Thus, (see [25]),

ρ(M) = lim_{l→∞}^l √ vM^lv^′ = lim_{l→∞}^{lν} √ vM^{lν}v^′ ≤ lim_{l→∞}^{lν} √ rγ^{lν} = ( lim_{l→∞}^{lν} √ r ) γ = γ < d. This ends the proof of the theorem.

Before proving Proposition D we recall the notion of an n–star. An n–star X_n is a tree which has a unique branching point denoted by b which has valence n. The closure of a connected component of X_n \ {b} will be called a branch of X_n.

We endow each branch of X_n with a linear ordering such that b is the smallest point on the branch while the endpoint is the largest one.

Proof of Proposition D. For n ∈ N consider an (n + 1)–star X_{n+1} and a set W ⊂ X_{n+1} such that (see Figure 11):

(i) W = {ω_0, ω_1, . . . , ω_{n+1}}.

(ii) The points ω_1, ω_2, . . . , ω_{n+1} are the endpoints of X_{n+1}. (iii) b < ω_0 < ω_{n+1}.

Now consider a continuous map φ_n : X_{n+1} −→ X_{n+1} such that φ_n(b) = b, φ_n(ω_i) = ω_{i+1} for i = 0, 1, . . . , n, φ_n(ω_{n+1}) = ω_{n+1} and φ_n is injective on the closure of each connected component of X_{n+1} \ (W ∪ {b}). Note that then φ_n is (W ∪ {b})–monotone.

It can be seen that X_{n+1} is homeomorphic to the Hubbard tree of a non renormalizable quadratic complex polynomial g_n and that φ_n is conjugate to g_n | |_{H(gn)}. Moreover, ω_0 is the critical point of g_n and, consequently, g_n is Misiurewicz. In fact, Example 5 shows the Julia set of g_2.

To end the proof of the proposition we only have to show that lim_{n→∞} h(φ_n) = 0. To prove this we use Theorem 2.9. We start by computing the φ_n–graph of W ∪ {b}. To this end we label the closures of the connected components of X_{n+1} \(W ∪{b}) according to the largest endpoint. That is, let [x, y] be the closure of a connected component of X_{n+1} \ (W ∪ {b}). Clearly, [x, y] is contained in a branch of X_{n+1}. So we may suppose that x < y. Hence,

Figure 11: The (n + 1)–star and the points ω_0, ω_1, . . . , ω_{n+1}.

y = ω_i for some i ∈ {0, 1, . . . , n + 1}. Then, [x, y] will be denoted by I_i. With this notation, the φ_n–graph of W ∪ {b} is:

I_{n+1} → I_{n+1} ↗ ↘ I_1 → I_2 → . . . → I_n ↓ I_1 ↘ ↗ I_0

Let M_n denote the transition matrix of the φ_n–graph of W ∪{b}. To compute its characteristic polynomial we use the “rome” method from [9] (see also [2, Section 4.4]). Indeed, we take I_1 and I_{n+1} as a “rome” and we get that the characteristic polynomial of M_n is (−1)^nx(x^{n+1} − x^n − 2). Note that ρ(M_n) is the unique point larger than 1 where x^n intersects the curve 2 x−1 . Since x^n < x^m for all m > n, we see that ρ(M_m) < ρ(M_n) and lim_{n→∞} ρ(M_n) = 1. Therefore, by Theorem 2.9 it follows that

lim_{n→∞} h(φ_n) = lim_{n→∞} max{0, log(ρ(M_n))} = lim_{n→∞} log ρ(M_n) = 0.

This ends the proof of the proposition.

References

[1] R. Adler, A. Konheim and J. McAndrew, Topological entropy, Trans. Amer. Math. Soc.

114 (1965), 309–319.

[2] Ll. Alsedà, J. Llibre and M. Misiurewicz, Combinatorial dynamics and entropy in dimension one, Advanced Series in Nonlinear Dynamics, Vol. 5, World Scientific, Singapore, 1993.

[3] Ll. Alsedà and X. Ye, No division and the set of periods for tree maps, Ergod. Th. & Dynam. Sys. 15 (1995), 221–237.

[4] Ll. Alsedà, S. Baldwin, J. Llibre and M. Misiurewicz, Entropy of transitive tree maps, Topology 36 (1996), 519–532.

[5] Ll. Alsedà, S. Kolyada, J. Llibre and Ľ. Snoha, Entropy and periodic points for transitive maps, preprint, 1996.

[6] Ll. Alsedà, M. A. del Río and J. A. Rodríguez, Lower bounds of the topological entropy for transitive graph maps, preprint, 1996.

[7] A. Beardon, Iteration of Rational Functions, Graduate Texts in Mathematics, Springer- Verlag, New York, 1991.

[8] P. Blanchard, Complex Analytic Dynamics on the Riemann Sphere, Bull. Amer. Math.

Soc. 11 (1984), 85–141.

[9] L. Block, J. Guckenheimer, M. Misiurewicz and L.-S. Young, Periodic points and topological entropy of one dimensional maps, Global theory of dynamical systems, 18–34, Lecture Notes in Math. 819, Springer, Berlin, 1980.

[10] A. M. Blokh, On transitive mappings of one-dimensional branched manifolds (in Russian), Diff. -Difference Equations and Problems of Mathematical Physics, Inst. of Math., Kiev (1984), 3–9.

[11] A. Blokh, On the connection between entropy and transitivity for one-dimensional mappings, Russian Math. Surveys 42:5 (1987), 165–166.

[12] L. Carleson and T. Gamelin, Complex dynamics, Springer-Verlag, New York, 1993. [13] M. Denker, C. Grillenberger and K. Sigmund, Ergodic theory on compact spaces, Lecture Notes in Math. 527, Springer, Berlin, 1976.

[14] A. Douady and J. Hubbard, Etude dynamique des polynômes complexes, part I, Publ. Math. Orsay, 1984–1985.

[15] A. Douady and J. Hubbard, On the Dynamics of Polynomial-like Mappings, Ann. Scient., Ec. Norm. Sup. 4^e series, 18 (1985) 287–343.

[16] A. Eremenko and M. Lyubich, The dynamics of analytic transformations, Leningrad Math. J. 1 (1990), 563–634.

[17] F. R. Gantmacher, The theory of Matrices, vol. 2, Chelsea, New York, 1959. [18] J. Hubbard, Puzzles and quadratic tableaux (according to Yoccoz), preprint, 1990. [19] C. T. McMullen, Complex Dynamics and Renormalization, Princeton University Press, 1994.

[20] J. Milnor, Dynamics on One Complex Variable: Introductory Lectures, IMS at Stony Brook Preprint n. 1990/5 (1992).

[21] J. Milnor, Local connectivity of Julia sets: expository lectures, Stony Brook IMS preprint n. 1990/5 (1992).

[22] C. Petersen and C. L. Petersen, On the Pommerenke-Levin-Yoccoz Inequality, Erg. Th & Dyn. Sys. 13 (1993), 785–806.

[23] A. Poirier, Hubbard forests, Prepint n. 1992/12, SUNY Stony Brook. [24] A. Poirier, On Postcritically Finite Polynomials. Part Two: Hubbard Trees, Prepint n. 1993/7, SUNY Stony Brook.

[25] E. Seneta, Non-negative matrices and Markov Chains, Springer Series in Statistics, Springer, Berlin, 1981.

[26] N. Steinmetz, Rational iteration: complex analytic dynamical systems, Walter de Gruyter, 1993.

[27] D. Sullivan, Quasiconformal homeomorphisms and dynamics I, Ann. Math. 122 (1985), 401-418.

[28] W. Thurston, On the combinatorics and dynamics of iterated rational maps, Preprint. [29] P. Walters, An introduction to Ergodic Theory, Graduate Texts in Mathematics, Springer, New York, 1982.